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Abstract: D-branes are by now an integral part of our toolbox towards under-
standing nature. In this review we will describe recent progress in their use to realize
fundamental interactions. The realization of the Standard Model and relevant physics
and problems will be detailed. New ideas on realizing 4-dimensional gravity use the
brane idea in an important way. Such approaches will be reviewed and compared to
the standard paradigm of compactification. Branes can play a pivotal role both in
early- and late-universe cosmology mainly via the brane-universe paradigm. Brane
realizations of various cosmological ideas (early inflation, sources for dark matter and
dark energy, massive gravity etc) will be also reviewed.
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1. Introduction and perspective
The basic problem in particle physics is to extend our knowledge of fundamental
physics beyond the energies so far explored by accelerators and other experiments.
The Standard Model of physics, the culmination of twentieth century research in
the high energy frontier, has been confirmed to a great degree of accuracy in many
experiments. Despite the fact that the Higgs particle remains experimentally elusive,
few doubt that there may be major surprises in this direction. It is fair to say that
it remains to be decided whether the Higgs is a fundamental scalar or a bound state,
and what some of its parameters are.
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In a related direction, there is concrete experimental evidence consistently indi-
cating that neutrinos have (tiny) masses and mixings and the SM should be extended
to accommodate this. Several ideas on how this can be done, have been forwarded
many years ago and we are currently awaiting for experiment to decide.
On the other hand there are two theoretical issues that since the late seventies
have made physicists believe that the SM, although extremely successful in describing
current experimental data, cannot be the final story.
(A) (Quantum) gravity is not incorporated.
(B) The SM suffers from the hierarchy problem, namely, that some low energy
scales like the mass of the Higgs are technically unnatural if the SM is extended to
energies much beyond the present energy frontier.
There may be further questions concerning the explanation of the values of the
parameters of the SM but, although important, they are not as central as the ones
above.
To these issues we should add some novel questions coming from the spectacular
progress in the last twenty years of observational cosmology, which can no more be
ignored:
(C) What and how has made the universe inflate in its early stages?
(D) What comprises the dark matter of the universe?
(E) Why the present day cosmological constant scale (or dark energy) is of the
same order of magnitude as the Humble constant and many orders of magnitude
smaller than the natural scale of four-dimensional gravity, MP or other fundamental
particle physics scales?
It is felt by many physicists, that the previous questions are most probably
interrelated.
The adventure of grand unification in the late seventies/early eighties followed a
path, extending the successful ideas of non-abelian gauge symmetry that led to the
SM description of the fundamental interactions to its natural conclusion. In this con-
text, the natural scale of the unified theory turned out to be MU ∼ O(1016−17) GeV
which is not far from the Planck mass MP ∼ 1019 GeV where quantum gravitational
effects could no more be ignored. Moreover, a new question surfaced:
(B′) Why MU is so close to MP ?
In addition, the issue of question (B), became acute: the theories are technically
useless due to the instability induced by the hierarchy problem.
Several ideas were put forward to deal with the large hierarchy of scales. The
minimal one, technicolor, despite many attempts so far has failed to produce sat-
isfactory models, mostly because it invokes strong coupling physics of non-abelian
gauge theories that makes such theories complicated and not very predictive.
An independent idea, involving a new symmetry, supersymmetry, had more suc-
cess, at the expense of introducing new degrees of freedom. Since the low energy
world is not supersymmetric, if supersymmetry is responsible for the stability of the
3
fundamental theory, it must be spontaneously broken at low energy. Mechanisms for
this are known, but it is fair to say that no complete and successful model exists so
far.
However, physicists today more than ever believe that supersymmetry in some
form holds the key to the successful resolution of the hierarchy problem and if so,
its avatars should be visible in the next round of accelerator experiments. Moreover,
this belief was strengthened by string theory which eventually come into the arena
of fundamental interactions.
It soon became obvious that spontaneously broken global supersymmetry, al-
though technically enough to stabilize grand unified theories, is too constrained to
describe the low energy data. The advent of local supersymmetry allows such con-
straints to be weakened but brings gravity back in the game. Gravity is an integral
part of a locally supersymmetric theory (supergravity) and this opens the new pan-
dora’s box of quantum gravity: the theory is non-renormalizable and the issue of
stability (quadratic divergences) resurfaces.
String theory, after a short lived stint as a theory of hadrons, regained popularity,
because it was (and still is) the only theory that provides a workable theory of
quantum gravity (at least in perturbation theory and for energies below the Planck
scale). It provided a new theoretical argument for supersymmetry: the presence of
space-time fermions in the theory implies an underlying supersymmetry.
In particular, heterotic string theory, provided a framework that incorporated
the successes of grand unification, supersymmetry, and a controllable treatment of
quantum gravity and justifiably monopolized the attention of high-energy physicists
for a decade.
The heterotic string approach to the fundamental interactions [1], provided an
answer to the question (B′). It predicts that the unification scale is close to the
four-dimensional Planck scale.
Model building in the context of the heterotic string has given several models
which at low energy come close to the standard model [2, 3]. However, although the
setup is very appealing, there are still unresolved problems in this context.
• Semi-realistic heterotic ground-states contain particles with fractional electric
charges (other than the quarks). Strong coupling dynamics in the hidden sector is
advocated in order to bypass this problem.
• N=1 supersymmetric vacua have an involved structure and the solutions to
the D- and F-flatness conditions are complicated.
• The mechanism of supersymmetry breaking is not well understood. There
are two candidate mechanisms: Gaugino condensation can be argued to happen in
semi-realistic heterotic vacua, breaking supersymmetry. It involves, however, strong
coupling dynamics and because of this, it has so far failed to have a quantitative
description. Moreover, it is not known (modulo some partial recent progress using
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non-perturbative dualities) how to implement it beyond the effective field theory
level.
An alternative mechanism of supersymmetry breaking which is geometrical and
can be implemented at the full string theory level is the Scherk-Schwarz mechanism,
which was introduced earlier in higher dimensional supergravity, [4], and was subse-
quently implemented in string theory [5]-[8]. The supersymmetry breaking scale is
proportional to an inverse compactification length. However, in the context of simple
(orbifold) compactifications of the heterotic string all compactification scales are of
the order of the string scale Ms which is of the same order as the four-dimensional
Planck scale. It is thus difficult to generate a supersymmetry breaking scale of a few
TeV, necessary for the successful resolution of the hierarchy problem.
• The hierarchy of SM fermion masses is not easy to generate. There are ideas in
this direction using higher-order terms in the tree-level potential and strong coupling
dynamics in the hidden sector, but no complete model exists.
• There is a generic axion problem associated with many semi-realistic heterotic
vacua.
Despite these shortcomings, the heterotic string is an elegant candidate for de-
scribing nature and may provide further breakthroughs in this respect.
In the last decade, further progress in the understanding of string theory indi-
cated that other ten-dimensional supersymmetric string theories (type-IIA/B closed
strings and type-I closed and open strings) should be treated on the same footing as
the heterotic theory. The other string theories till then had been handicapped be-
cause IIA/B string theory could not accommodate the SM fields in the perturbative
spectrum [9], and the type-I theory had an intricate and little-understood structure
[10]-[16]. It was successfully argued [17, 18] that the five distinct ten-dimensional
supersymmetric string theories can be viewed as vacua of a larger (unique?) theory,
coined M-theory. Moreover, non-perturbative dualities relate the strong coupling
behavior of a given theory to another weakly coupled string theory or a still elusive
eleven-dimensional theory.
A key element in these non-perturbative dualities was the recognition that ex-
tended solitonic-like objects (D-branes and NS5-branes) form an integral part of the
theory. Moreover, D-branes were shown to have a simple weak-coupling description
as defects where closed strings can open up [19]. A detailed understanding of their
fluctuations ensued, which geometrized gauge theories and provided new vistas in the
relationship between gauge theory and gravity/string theory [20, 21] with a interest-
ing reconsideration of the strong coupling dynamics of gauge theories. An important
byproduct was that D-brane degrees of freedom could explain the macroscopic en-
tropy of black holes [22, 23] and made plausible that a unitary description of their
physics may be at hand.
These developments enlarged substantially the arena for the search of SM-like
vacua in string theory. In novel contexts, D-branes play a central role, and the
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purpose of the present lectures is to discuss their role in new avenues for SM building,
as well as to new realizations of four-dimensional gravity. Moreover, D-branes turn
out to provide new contexts and new intuition for older mechanisms (like inflation)
deemed necessary in cosmology, and to indicate new approaches to the problems of
dark matter and the nature of the initial cosmological singularity.
In the search for new string vacua, an exciting new possibility emerged, namely
that a compactification scale [24]-[27] or the string scale maybe much lower than
the four-dimensional Planck scale [28]-[32] and in fact as low as a few TeV, without
grossly conflicting with available experimental data. Such ground states, namely
orientifolds, can be considered as generalized compactifications of type-I string the-
ory. They contain D-branes whose (localized) fluctuations should describe the SM
fields. This gives flesh and blood to earlier ideas of a brane-universe [33]-[35], gives
a new perspective of the hierarchy problem [36], borrowing on ideas from the gauge-
theory/gravity correspondence and provides new realizations of four-dimensional
gravity [37]. Moreover, it provides novel contexts for the early-universe cosmology
[38]-[63].
2. A survey of various string theory compactifications
Different string theories have distinct ways of realizing the gauge interactions that are
responsible for the SM forces. Ten-dimensional gravity is always an ingredient, com-
ing from the closed string sector. The simplest way to convert it to four dimensional
gravity is via compactification and this is what we will assume here. In section 6 we
will describe other ways of turning higher-dimensional gravity to four-dimensional,
but the implementation of such ideas in string theory is still in its infancy.
Upon compactification to four dimensions on a six-dimensional manifold of vol-
ume V6 M
−6
s the four-dimensional Planck scale is given at tree level by
M2P =
V6
g2s
M2s (2.1)
where gs is the string coupling constant and the volume V6 is measured in string
units. We have dropped numerical factors of order one.
2.1 The heterotic string
The ten-dimensional theory, apart from the gravitational super-multiplet, contains
also a (super) Yang-Mills (sYM) sector with gauge group E8 × E8 or SO(32).
Here, the gauge fields descent directly from ten dimensions, and we obtain for
the four-dimensional gauge coupling constants
1
g2YM
=
V6
g2s
(2.1.1)
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Such tree-level relations are corrected in perturbation theory and the couplings run
with energy. The tree-level couplings correspond to their values at the string (unifi-
cation) scale. In a stable and reliable perturbation theory, such corrections are small
and this indicates that in order to comply with experimental data gYM ∼ O(1) and
(2.1,2.1.1) imply that
M2P =
M2s
g2YM
⇒ MP ∼ Ms (2.1.2)
Thus, we obtain that for realistic perturbative vacua, the unification scale is tied to
the four-dimensional Planck scale. This is a remarkable postdiction of the heterotic
string that answers question B’.
The issue of supersymmetry breaking is of crucial importance in order to even-
tually make contact with the low-energy dynamics of the Standard Model.
There are two alternatives here, gaugino condensation (dynamical) and Scherk-
Schwarz (geometrical) supersymmetry breaking.
The first possibility can be implemented in the heterotic string, however it in-
volves non-perturbative dynamics and consequently it is not well-controllable in per-
turbation theory. Moreover, we do not know how to describe this dynamics at the
string level.
If supersymmetry is broken a` la Scherk-Schwarz, then, the supersymmetry break-
ing scale is related to the size R of an internal compact direction as
Msusy ∼ 1
R
(2.1.3)
The successful resolution of the hierarchy problem requires that Msusy ∼ a few TeV
so that Msusy/MP << 1. This implies, R >> M
−1
s and from (2.1.1) gs >> 1 in
order to keep gYM ∼ O(1). Thus, we are pushed in the non-perturbative regime. To
obtain information, on the strong coupling dynamics of the heterotic string we must
use non-perturbative dualities. Under such dualities, the heterotic string is mapped
to type-I string theory [18], type II theory [17] or heterotic M-theory [64]. A review
of such dualities and their nontrivial tests can be found in [65, 66].
2.2 The type-I string
In ten dimensions, the strong coupling limit of the heterotic SO(32) string is the
weakly-coupled type-I string. There are many non-trivial tests of this duality in ten
or less dimensions [67]-[70].
In the Einstein frame, this duality implies
GIµν = G
het
µν , A
I
µ = A
het
µ , g
het
s =
1
gIs
, MhetP = M
I
P (2.2.1)
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Since the ten-dimensional Planck scale, MˆP , is given by Mˆ
8
P = M
8
s /g
2
s in both theories
we obtain from (2.2.1)
M Is =
Mhets√
ghets
(2.2.2)
Thus, at strong heterotic coupling, the dual type-I string scale is much smaller
that the heterotic one: dual type-I strings have a much bigger size than the heterotic
ones.
We are, however, interested in four-dimensional compactifications. It can be
shown [71] that upon toroidal compactification to four-dimensions the strongly cou-
pled heterotic string is dual to a weakly coupled type-I string when the compactifi-
cation torus has 4,5 or 6 large dimensions.
In the type-I vacua, gauge symmetries can arise from Dp-branes that stretch
along the four Minkowski directions and wrap their extra p − 3 dimensions in a
submanifold of the compactification manifold. Let us denote by V|| the volume of
such a submanifold in string units.
The relation of the four-dimensional Planck scale to the string scale is the same
as in (2.1) since gravity comes from the closed string sector. However, the four-
dimensional YM coupling of the D-brane gauge fields now become
1
g2YM
=
V||
gs
(2.2.3)
and
M2P
M2s
=
V6
gs V||
. (2.2.4)
where MP is the four-dimensional Planck scale. Now Ms can be much smaller than
MP while keeping the theory perturbative, gs < 1, by having the volume of the space
transverse to the Dp branes
V6
V||
>> 1. Thus, in this context, the string scale Ms
can be anywhere between the four-dimensional Planck scale and a few TeV without
any obvious experimental objection [28]-[32]. The possibility of perturbative string
model building with a very low string scale is intriguing and inherently interesting
due to several reasons
• If Ms is a few TeV, string effects will be visible at experiments around that
energy scale, namely accelerator experiments in the near future. If nature turns out
to work that way, the experimental signals will be forthcoming. In the other extreme
case Ms ∼MP , there is little chance to see telltale signals of the string at TeV-scale
experiments.
• Supersymmetry can be broken directly at the string scale without the need
for fancy supersymmetry breaking mechanisms (for example by direct orbifolding).
Past the string scale there is no hierarchy problem since there is no field theoretic
running of couplings.
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It seems that there is thus no-hierarchy problem to solve in this case. It is not
difficult to realize, however, that here the essence of the problem is hidden elsewhere.
Some of the internal dimensions in this context must be much larger than the string
scale. The radii are expectation values of associated scalar fields that will generically
have a potential in the absence of supersymmetry. The hierarchy problem now
reads: why the minimum of the potential is at R >> 1? Although we can imagine
potentials with logs providing large hierarchies of their minima and computations
in semi-realistic models indicate that this is possible [72, 73], it has not yet been
achieved in realistic models in string theory.
2.3 Type II string theory
Another non-perturbative duality relates the heterotic string compactified on T 4 to
type-IIA theory compactified on K3 [17, 18]. There is by now direct [74] and indirect
[75] non-trivial evidence for this.
This duality keeps the Einstein metrics and Planck scales of the two theories
fixed, and inverts the six-dimensional string coupling g˜s defined as
1
g˜2s
=
V4
g2s
, g˜hets =
1
g˜IIAs
(2.3.1)
Moreover, it dualizes the six-dimensional two-index antisymmetric tensor. In this
way, the heterotic string is a magnetic string soliton of the electric type IIA string
and vice versa.
It can be shown [71] that this duality maps a strongly coupled heterotic string
to a weakly coupled type II string when we have 1,2,3,4,6 large dimensions.
In type II compactifications, the four-dimensional matter gauge fields come from
the RR sector and generate abelian symmetries. There are no charged massive
gauge fields in the perturbative spectrum to enhance the gauge symmetry to a non-
abelian one. However, such enhancement can happen non-perturbatively. When
two-cycles of the compactification manifold shrink to zero volume, states produced
by D2 branes wrapping these cycles generate massless charged gauge bosons that
enhance the symmetry to a non-abelian group.
We thus consider a compactification onK3×T 2 of volume VK3 and V2 respectively
in string units.
As in the heterotic case, the relation between the four-dimensional Planck scale
and the string scale remains the same
M2P =
VK3V2
g2s
M2s (2.3.2)
On the other hand, since the non-abelian gauge symmetry comes from the RR sector
there is no VK3 nor gs dependence in the four-dimensional YM coupling
1
g2YM
= V2 ⇒ M
2
P
M2s
=
VK3
g2s
1
g2YM
(2.3.3)
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We can consequently generate a large hierarchy between MP and Ms by choosing
VK3 >> 1 or gs << 1.
The second case with VK3 ∼ 1 and gs ∼ 10−14 was explored in [76] and new
interesting features of the dynamics uncovered. It is however, hard to construct
calculable models since the physics at the singularity of the internal space is related
to Little String Theory (LST) [77] which is not very well understood.
3. Orientifold vacua, chirality and supersymmetry
An efficient way of constructing type-I vacua is in terms of orientifolds [10]-[16], an
upgrade to the notion of orbifold in closed string theory.
One starts from a type IIB (flat) vacuum described by a CFT invariant under
world-sheet parity Ω. One then orbifolds by a group of discrete symmetries that also
includes Ω. The structure of the orientifold group is then G = G1 + Ω G2 where
G1,2 are symmetry groups of the CFT. At generic values of the toroidal moduli, such
symmetries are (left and/or right) translations and rotations preserving the lattice.
The one-loop amplitude implementing the Ω projection is interpreted as a Klein-
bottle amplitude [78, 79] and has potential ultraviolet divergences (tadpoles).
Such tadpoles can be interpreted as sources in space-time introduced by the
orientifold (Ω) projection. They couple to the massless IIB fields, in particular the
metric (so they have energy or tension), the dilaton and the RR-forms (under which
they are minimally coupled). Such sources are localized in sub-manifolds of space-
time, typically hyper-planes and are known as orientifold planes, Op. They are BPS-
like (|tension|=|charge|) and there are four different kinds in each odd dimension
characterized by positive vs negative tension and positive vs negative RR charge.
The most common orientifold planes have negative tension, a fact that comes handy
in the search of a flat vacuum.
Flatness and stability will be assured if D-branes are introduced in a way that
guarantees the cancellation of tadpoles (energy and charge). They can be thought
of as the twisted sector of the Ω projection.
Thus, an orientifold vacuum can be described as a collection of orientifold planes
and D-branes in various configurations. RR-tadpole cancellation is necessary for
consistency, since it is equivalent to the vanishing of gauge charge in a compact
space. NS-tadpole cancellation is equivalent to the vanishing of forces in the D-
brane/O-plane vacuum configuration. A vacuum with un-canceled NS tadpoles is
not in equilibrium and this shows up at (open) one-loop. In particular, there will be
UV divergences that signal this lack of equilibrium. From the closed string point of
view this is an IR instability.
Orientifold planes, unlike D-branes do not have fluctuations. This is as well since
in the case of negative tension such fluctuations would have negative kinetic terms.
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However, acting as sources, they do couple to the massless sector fields of the closed
sector.
3.1 D-brane mechanics
Dp-branes are defined as sub-manifolds of space-time where the closed strings can
open up and attach. In flat space-time, such open strings have Neumann boundary
conditions along the p+1 longitudinal directions of a Dp-brane and Dirichlet for the
rest.
The massless spectrum of fluctuations of a single D-brane, according to the
Polchinski prescription [19], is that of a vibrating open superstring with its two
endpoints forced to be attached to the brane. For the flat type II theory, this gives
a vector Aµ(x
ν), 9 − p scalars ΦI(xν) and a 16-component fermion. This is the
dimensional reduction of the D=10 N=1 gauge multiplet to p + 1 dimensions. The
expectation values of the scalars ΦI are the transverse coordinates of the position of
the brane.
N distinct parallel branes are described by the N2 possible strings stretched
between them, generating the spectrum (and interactions) of a U(N) sYM theory.
Moving the branes apart, the gauge symmetry is Higgsed to U(1)N in the generic
case.
In general, for a string coordinate with Neumann boundary conditions on both
endpoints (NN), the mode expansion contains a center of mass momentum, no wind-
ing and integral oscillator modes. There are zero modes in the Ramond sector.
For a string coordinate with Dirichlet boundary conditions on both endpoints
(DD), the mode expansion contains a winding number, no momentum and integral
oscillator modes. There are again zero modes in the R-sector.
Finally, for a string coordinate with Dirichlet boundary conditions on one end-
point and Neumann on the other, (DN), the mode expansion contains no winding
or momentum and half-integral oscillator modes. There are fermionic zero modes in
the NS-sector.
T-duality acts on D-branes by interchanging N and D boundary condition. Thus,
a T-duality in a direction transverse to a Dp brane transforms it into a Dp+1 brane
while T-duality in a direction longitudinal to a Dp brane transforms it into a Dp−1
brane. T-duality splits O-planes and fractionalizes their charge.
An open string with one endpoint attached on a stack of N coincident parallel
D-branes has a spectrum that transforms as the fundamental (or anti-fundamental
depending on the orientation) representation of the U(N) gauge symmetry.
One important property that is crucial for model building is the issue of the
reduction of the supersymmetry of the world-volume gauge theory. This is a pre-
requisite in order to obtain chiral four-dimensional fermions, an crucial ingredient of
the standard model.
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As we will expand below, there are two such methods available in the context
of orientifolds: internal world-volume magnetic fields [80, 81, 82, 84, 85] and branes
stuck at orbifold singularities [86, 87]. The second option is an extreme case of
the generic situation of branes wrapping non-trivial cycles of the compactification
manifold.
3.2 D-branes at orbifold singularities
We will describe here the example of D3 and D7 branes stuck at orbifold singularities
following [87].
We thus consider n D3 branes transverse to a ZN singularity. Since the brane
description is local in this case, all that matters is the local structure of the singularity
and this is similar to R6/ZN . The ZN rotation acts on the SO(6) R-symmetry
quantum numbers of the massless brane fields. The vectors Aµ transform in the
singlet, the fermions in the spinor and the scalars in the vector.
Complexifying the scalars by pairs, the ZN rotation acts on them as
Rθ = diag
(
e2πi
b1
N , e−2πi
b1
N , e2πi
b2
N , e−2πi
b2
N , e2πi
b3
N , e−2πi
b3
N
)
(3.2.1)
while on the spinor it acts as
Sθ = diag
(
e2πi
a1
N , e2πi
a2
N , e2πi
a3
N , e2πi
a4
N
)
(3.2.2)
with
a1 =
b2 + b3 − b1
2
, a2 =
b1 − b2 + b3
2
, a3 =
b1 + b2 − b3
2
, a4 = −b1 + b2 + b3
2
(3.2.3)
Moreover we can parameterize the action of the rotation on the Chan-Paton
(CP) indices without loss of generality using the matrices
γ3,θ = diag
(
1n0, θ 1n1, · · · , θN−1 1nN−1
)
(3.2.4)
where θ = e
2pii
N , n =
∑N−1
i=0 ni and 1n is the unit n× n matrix.
The orbifold action on the gauge boson state is
Aµ ∼ ψµ− 1
2
| λ 〉 → ψµ− 1
2
| γ3,θ λ γ−13,θ 〉 (3.2.5)
where the matrix λ keeps track of the CP indices.
Thus, the invariant gauge bosons must satisfy λ = γ3,θ λ γ
−1
3,θ . The solutions
to this equation are ni × ni block diagonal matrices, and thus the invariant gauge
bosons are in the adjoint of
∏N−1
i=0 U(ni).
The three complex scalars Φk obtained from the complexification of the six real
scalars, transform as
Φk ∼ ψk− 1
2
| λ 〉 → e−2πi bkN ψk− 1
2
| γ3,θ λ γ−13,θ 〉 (3.2.6)
12
and the invariant scalars must satisfy λ = e2πi
bk
N γ3,θ λ γ
−1
3,θ . The solution to this
equation gives scalars in the following representation of the gauge group
scalars →
3∑
k=1
N−1∑
i=0
(ni, n¯i−bk)
Finally the fermions are labelled as
ψa ∼ |λ ; s1, s2, s3, s4〉 (3.2.7)
where si = ±12 , with
∑4
i=1 si = odd (GSO projection). The states with s4 = −12
correspond to left, four-dimensional Weyl fermions while s4 =
1
2
corresponds to right,
four-dimensional Weyl fermions. The s1,2,3 spinor quantum numbers are R-symmetry
spinor quantum numbers. We can thus label the 8 on-shell fermion states as |λ;α, s4〉
where α = 1, 2, 3, 4 is the R-spinor quantum number. The fermions transform as
|λ;α, s4〉 → e2πiaαN | γ3,θ λ γ−13,θ ;α, s4 〉 (3.2.8)
and the invariant fermions satisfy λ = e2πi
aα
N γ3,θ λ γ
−1
3,θ The solution to this equation
gives left moving fermions in the following representation of the gauge group
left Weyl fermions →
4∑
α=1
N−1∑
i=0
(ni, n¯i+aα)
a representation that is generically chiral.
When
∑3
i=1 bi = 0 so that a4 = 0 we have an N=1 supersymmetric configuration
(the rotation ∈ SU(3) ⊂ SO(6)) and this is an N=1 orbifold singularity. The a4
fermions become the gaugini while the a1,2,3 fermions are the N=1 supersymmetric
partners of the scalars.
To cancel the twisted tadpoles we must introduce also m D7 branes (that we
take to be transverse to the last complex coordinate, the third plane).
For the 77 strings the story is similar with a new CP matrix
γ7,θ =


diag
(
1m0 , θ 1m1 , · · · , θN−1 1mN−1
)
, b3 even,
diag
(
θ 1m0 , θ
3 1m1 , · · · , θ2N−1 1mN−1
)
, b3 odd
The extra fields that are localized on the D3 brane world-volume come from the 37
and 73 strings. For such strings, there are 4 ND directions which provide 4 zero
modes in the NS sector (directions 4,5,6,7) while from the NN and DD directions we
have zero modes in the R sector ( directions 2,3,8,9)
The invariant (complex) scalars (NS sector) must satisfy
λ37 = e
−iπ b1+b2
N γ3,θ λ37 γ
−1
7,θ (3.2.9)
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λ73 = e
−iπ b1+b2
N γ7,θ λ73 γ
−1
3,θ (3.2.10)
with spectrum
N−1∑
i=0
[(
ni, m¯i− b1+b2
2
)
+
(
mi, n¯i− b1+b2
2
)]
, b3 even,
N−1∑
i=0
[(
ni, m¯i− b1+b2+1
2
)
+
(
mi, n¯i− b1+b2−1
2
)]
, b3 odd
The invariant fermions coming from the R-sector must satisfy
λ37 = e
iπ
b3
N γ3,θ λ37 γ
−1
7,θ (3.2.11)
λ73 = e
iπ
b3
N γ7,θ λ73 γ
−1
3,θ (3.2.12)
with spectrum
N−1∑
i=0
[(
ni, m¯i+ b3
2
)
+
(
mi, n¯i+ b3
2
)]
, b3 even,
N−1∑
i=0
[(
ni, m¯i+ b3−1
2
)
+
(
mi, n¯i+ b3+1
2
)]
, b3 odd
A similar analysis holds for D7 branes stretched transverse to the other two
planes.
Finally, the twisted tadpole cancelation conditions in the sector labeled by k =
1, 2, · · · , N − 1 are
Tr
(
γk3,θ
) 3∏
i=1
[
2 sin
πkbi
N
]
+ Tr
(
γk7,θ
) 3∑
i=1
2 sin
πkbi
N
= 0 (3.2.13)
For viable models twisted tadpoles have to be canceled and there are many solutions
to this.
Thus, such configurations provide a generically chiral spectrum of four-dimensional
fermions.
3.3 Internal magnetic fields and branes intersecting at angles
It is well known that magnetic fields can generate chirality. The reason is that an
(internal) magnetic field splits the masses of spinors according to their spin quantum
numbers, and if appropriately adjusted, it can lead to chiral pieces of a non-chiral
spinor remaining massless while the other parts picking up a mass. This mechanism
can be implemented also in open string theory [80, 81]. What we will show here
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is that there is a T-dual version of this mechanism for chirality generation that
has a pure geometrical interpretation, namely strings stretched between intersecting
branes.
Consider an open string that has Neumann boundary conditions on a Euclidean
2-plane with coordinates x1,2.
∂σx
1
∣∣
σ=0
= 0 , ∂σx
2
∣∣
σ=0
= 0 , ∂σx
1
∣∣
σ=π
= 0 , ∂σx
2
∣∣
σ=π
= 0 (3.3.1)
We will turn on a constant magnetic field for the gauge field associated with the
σ = π end-point of the string. The world-sheet action is
S =
1
2πα′
[∫
dτ dσ
1
2
(
∂τx
i∂τx
i + ∂σx
i∂σx
i
)
+
∫
dτ Ai∂τx
i
∣∣∣∣
σ=π
]
(3.3.2)
=
1
4πα′
[∫
dτ dσ
(
∂τx
i∂τx
i + ∂σx
i∂σx
i
)− ∫ dτ ∂jAi xi∂τxj
∣∣∣∣
σ=π
]
where in the second line we integrated the boundary term by parts and dropped a
total τ -derivative. For a constant magnetic field threading the plane, Fij = Bǫij .
Varying xi to get the equations of motion and integrating by parts we obtain
δS = − 1
2πα′
∫
dτ dσ δxi
(
∂2τ + ∂
2
σ
)
xi+ (3.3.3)
+
1
2πα′
∫
dτ
[−δxi∂σxi∣∣σ=0 + δxi (∂σxi +Bǫij∂τxj)∣∣σ=π]
we thus obtain the bulk free equations (∂2τ + ∂
2
σ) x
i = 0 along with the modified
boundary conditions
∂σx
1
∣∣
σ=0
= 0 , ∂σx
2
∣∣
σ=0
= 0 (3.3.4)
∂σx
1 +B ∂τx
2
∣∣
σ=π
= 0 , ∂σx
2 −B ∂τx1
∣∣
σ=π
= 0 (3.3.5)
We will now perform a T-duality in the coordinate x2 which exchanges ∂σx
2 ↔
∂τx
2. The T-dual boundary conditions now read
∂σx
1
∣∣
σ=0
= 0 , ∂τx
2
∣∣
σ=0
= 0 (3.3.6)
∂σx
1 +B ∂σx
2
∣∣
σ=π
= 0 , ∂τx
2 −B ∂τx1
∣∣
σ=π
= 0 (3.3.7)
The boundary conditions at the σ = 0 end-point describe a string attached to a
D-brane localized along the line x2 = 0. On the other hand, the boundary conditions
at the σ = π end-point describe a string attached to a D-brane rotated by an angle
θ counter-clockwise, where B = − cot θ. Otherwise stated the second D-brane is
localized along the line sin θ x1 + cos θ x2 = 0.
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The net result is that an open string coupled to a constant magnetic field is
T-dual to a string stretched between two D-branes intersecting at an angle θ =
−arccot(B).
The effect of the boundary conditions (3.3.7) on the oscillator expansion of the
string is to eliminate momentum and winding terms, and to shift the oscillators
an → an+θ. Thus, the overall effect is the same as that of an orbifold of the plane by
a angle of rotation θ. Similar remarks apply to the world-sheet fermions.
3.4 Intersecting D6-branes
To obtain chiral four-dimensional spinors, no internal two-torus should be left intact.
Thus, the full picture involves D6 branes that intersect at each of the three internal
tori1 [82]-[85].
D6-branes can be obtained by performing a T-duality along 3 directions of the
standard type-I string. A T-duality along a direction changes the orientifold projec-
tion from Ω to Ω I where I flips the sign of the T-dualized coordinate [78].
We are thus led to consider IIB on T 6 moded by Ω I3. Introducing coordinates
x1i , x
2
i , i = 1, 2, 3 for the three two-tori, I3 flips the sign of the x
2
i coordinates. Turning-
on magnetic fields Bi in the type-I theory corresponds to this T-dual version to
D6-branes intersections at angles θi on each of the three internal two-tori.
The D6-branes stretch in the 3+1 Minkowski directions and wrap a one-cycle in
each of the three internal tori. Introducing the standard ai, bi cycles on each torus,
a given D6 brane wraps the homology 3-cycle
[ ΠA] =
3∏
i=1
(mi[ai] + ni[bi]) (3.4.1)
where the product is a wedge product.
Since Ω I3 reflects the D-branes along the x
2
i coordinates, it maps a given D-brane
A to its mirror image A’ wrapped on the cycle
[ ΠA′] =
3∏
i=1
(mi[ai]− ni[bi]) (3.4.2)
At each (oriented) intersection there is a chiral fermion (localized in four dimen-
sions) which is left-moving (right-moving) if the intersection numbers is 1(-1). Thus
the net number of chiral fermions coming from the string between a brane A and a
brane B is equal to the total intersection number
IAB =
∫
T 6
[ ΠA] ∧ [ ΠB] =
3∏
i=1
(miAn
i
B − niAmiB) (3.4.3)
1We consider a T 6 with moduli such that it factorizes into a product, for simplicity.
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where we have used ∫
T 2
[a] ∧ [b] = 1 (3.4.4)
In the general case, a Dp brane wrapping a p-dimensional sub-torus of T
N , and a
DN−p brane wrapping a (N − p)-dimensional sub-torus of TN intersect at points in
TN . Choosing coordinates XI , I = 1, 2, · · · , N for TN , xa, a = 1, 2, · · · , p for Dp and
ξi, i = 1, 2, · · · , N − p for DN−p, all of them periodic up to integers, the wrapping
numbers are defined as
XI = N Ia x
a , XI =M Ii ξ
i , N Ia ,M
I
i ∈ Z (3.4.5)
Then, the intersection number is
Ip,N−p = ǫI1I2···IN ǫ
a1a2···ap ǫi1i2···iN−p N I1a1 · · ·N Ipap M
Ip+1
i1
· · ·N INiN−p (3.4.6)
Considering now stacks of NA D6-branes, from the AA strings we obtain gauge
bosons in the adjoint of U(NA) as well as scalars that are generically massive (and
maybe tachyonic) [82, 84].
From the AB+BA strings we obtain IAB chiral fermions in the (NA, N¯B) of
U(NA) × U(NB). From the AB’+B’A strings we obtain IAB′ chiral fermions in the
(NA, NB) of U(NA) × U(NB). Finally, from the AA’+A’A strings we obtain chiral
fermions in the symmetric or antisymmetric representation of U(NA). Their number
is model-dependent.
The tadpole cancellation conditions specify that the D-branes should be put on
top of the orientifold planes (wrapping the cycle [ ΠO]) namely∑
all branes
NA [ ΠA] + [ ΠO] = 0 (3.4.7)
By arranging the multiplicities NA and the wrapping numbers m
i
A, n
i
A, models
can be obtained with the standard model gauge group, and the correct spectrum
[82, 83, 84, 88]-[91].
It should be mentioned that such intersecting configurations of D-branes break
supersymmetry completely for arbitrary angles. If however
∑3
i=1 θi = 0 in a given
intersection, then N=1 supersymmetry is preserved locally.
3.5 Supersymmetry breaking
Supersymmetry in string theory is broken by compactification (ie. background fields).
For the flat (orbifold or orientifold) compactifications supersymmetry is typically
broken by the orbifold/orientifold projection.
We distinguish two types of orbifold actions on toroidal compactifications.
• Non-free susy-breaking orbifolds. In this case the orbifold action has fixed
points and the compactification manifold is singular. At the singularities (orbifold
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planes) the twisted fields are localized. The breaking of supersymmetry here is
“explicit” in the sense that there are no massive gravitini with masses below the
string scale. Another way of saying this is that the supersymmetry breaking scale is
the string scale, Msusy ∼ Ms.
• Freely-acting susy-breaking orbifolds. Here the orbifold action has no fixed
points, and the compactification manifold is flat and smooth. The lightest gravitino
has a mass proportional to an inverse internal radius and thus the supersymmetry
breaking scale is Msusy ∼ 1/R. Such compactifications are essentially stringy [5]-[8]
Scherk-Schwarz compactifications [4], (as shown in [8]). Moreover, the nature of
the supersymmetry breaking is spontaneous, since (broken) supersymmetric Ward
identities are satisfied [92]. In the limit R → ∞ supersymmetry is restored in one
higher dimension.
3.5.1 Supersymmetry breaking in low-string scale orientifolds
As it was mentioned earlier, supersymmetry must break in a realistic string ground-
state. When the string scale is low (in the TeV region) the supersymmetry must
break around that scale. In the context of orientifold ground states this may be
accomplished at the string level by a combination of the following mechanisms [93]-
[99, 72, 137, 138]
• Non-freely acting supersymmetry-breaking orbifolds in the bulk, that generi-
cally induce breaking in the open sector.
• Freely-acting (SS) supersymmetry breaking orbifolds in the bulk that may also
induce breaking in the open sector. The breaking could affect all modes in the open
sector, or only the massive ones.
• Intersecting branes induce supersymmetry breaking in the open sector. This
also is related as we have seen to non-trivial internal magnetic fields on the branes
[80, 81].
• The presence of anti-branes induces supersymmetry breaking in the open sec-
tor.
It is obvious that at tree level, supersymmetry may break in the open sector
and/or in the bulk. We may imagine more involved situations in which a tree level
breaking in the closed sector may be communicated by loop effects to the open sector
and vice versa. Although this is possible, calculability is reduced in such cases.
It is also possible that different sectors of open strings may be invariant under
different supersymmetries, and finally supersymmetry will be broken in a given sector
by radiative corrections [104]. Calculability is generically impaired also in such cases.
It should be remembered that in the open string case, unlike the closed string case,
essentially nothing is known on two- and higher-loop diagrams.
Many different mechanisms and combinations of supersymmetry breaking pat-
terns have been investigated in toy models [100]-[102].
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Thus, it seems that at the simplest level, supersymmetry must break at tree
level in the open sector, namely in the standard model part of the open sector (The
open sector can in principle contain hidden matter, interacting to the SM fields via
particles coming from stretched/massive strings).
A priori we can imagine that supersymmetry may be intact at tree level in the
closed sector. We will however argue that for (NS) tadpole cancellation, supersym-
metry should also be broken in the closed sector.
Imagine an N=1 bulk compactification (orientifold) in the closed sector with
an open sector that breaks supersymmetry completely. The (open) supersymmetry
breaking can be interpreted as coming from D and F auxiliary field expectation values
that always give a positive contribution to the effective potential. The only term
that could cancel such contributions and make the vacuum energy (dilaton/graviton
tadpole) vanish is the supergravity auxiliary field [105]. Thus, supersymmetry should
be also broken in the bulk.
It is interesting that this effective supergravity picture fits nicely with the func-
tion of orientifold planes in orientifolds. Orientifold planes do not only cancel RR
charges but also energy (since they carry negative tension). They can be interpreted
as localized expectation values of the (higher-dimensional) supergravity auxiliary
fields.
This picture is vague in the context of N>1 four-dimensional supersymmetry
since the full off-shell structure of the supergravity and the associated auxiliary fields
are not well understood. However, we expect that it can be made precise in the N=1
case. It has been also argued [72, 73] that the breaking of bulk supersymmetry
cannot be hard (MSUSY = Ms) since this induces quadratic instabilities (∼ M2P ) in
the theory when large dimensions are present. This can be seen as follows: The ten-
dimensional one-loop vacuum energy in this case is ∼ M10s and the four-dimensional
one
Λ4 ∼M4s V6 ∼ M2sM2P (3.5.1.1)
where we have used (2.1). This indicates a hierarchy problem when MP >> Ms.
The cancellation of RR tadpoles in a open string ground state is necessary for
the consistency of the theory [106]. The cancellation of the NS tadpoles, on the
other hand is equivalent to the equilibrium condition of the brane configuration, or
in general of the ground-state. When equilibrium is not present, one-loop amplitudes
are infinite and calculability is lost.
Since, in constructing a stringy SM, one-loop corrections are crucial for compar-
isons with data, such a situation seems doomed. Although we may consider shifting
the background data to cancel the tadpoles perturbatively, this does not seem to be
a calculationally promising avenue. It is thus imperative to cancel NS tadpoles at
tree-level.
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A final issue is that of stability of the ground-state alias the absence of tachyons.
We should consider separately the open and closed tachyons.
•. Closed string tachyons signal an instability in the closed sector and must be
canceled.
• Open string tachyons signal an instability of the brane configuration but that
is what the SM wants! The standard Higgs (as well as other possible Higgses) are
tachyons in the symmetric SU(3) × SU(2) × U(1) vacuum. One may thus allow
the appropriate tachyons at tree level, and this is the case in some semi-realistic
models [137, 138, 82, 83, 84, 88]-[91]. Then the rolling of the Higgs to the minimum
of its potential can be interpreted as a rearrangement of the brane configuration
(brane recombination [107]). The flip side of this is that in the final ground state the
branes do not seem flat anymore and further progress is needed in order to be able
to calculate.
The other possibility [108, 109], which may be easily realized in orientifolds is that
the candidate Higgs field is massless at tree level (and typically has a quartic term in
its potential. At one-loop radiative corrections to its mass can be negative overall.
In particular this is the case in the non-supersymmetric SM since fermions give
negative contributions, and massive fermions dominate. Thus, one-loop correction
to the Higgs mass is dominated by the top and is negative. The flip side of this
situation is that two-loop calculations are beyond reach.
Finally we should mention that one may construct models with a string scale
close to the Planck scale and unbroken supersymmetry [152]-[158].
4. Anomalous U(1)s in six and four dimensions and their role
in string model building
In string theory, we often encounter U(1) gauge symmetries with an anomalous
spectrum, namely Tr[Q] 6= 0, Tr[Q3] 6= 0 etc. The theory is however free of the asso-
ciated anomalies due to the presence of the generalized Green-Schwarz mechanism.
The anomalous variation of the action is canceled by non-invariant, classical contri-
butions of antisymmetric tensor fields. This mechanism works in various dimensions,
with a prototypical example, the cancellation of mixed and reducible anomalies in
the ten-dimensional heterotic and type-I string theories.
In four dimensions, anomalous U(1)’s have their anomalies canceled via their
Stuckelberg coupling to a pseudoscalar axion. As a result, the gauge symmetry is
broken and the anomalous U(1) gauge boson obtains a mass.
There are two reasons to be interested in this issue: First, it seems that (several)
anomalous U(1) symmetries are unavoidable [108] in brane constructions of the SM.
Second, the fate of the associated global symmetries (that may include baryon and
lepton number) is of paramount phenomenological importance in such realizations
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of the SM. Finally, anomalous U(1) gauge bosons mix at tree level with the massive
standard model gauge bosons and thus there are constraints coming from the SM
ρ-parameter [113]. Also, the anomalous U(1) gauge bosons mediate at loop level
several SM processes, like g − 2 and data provide constraints on their masses [114].
A recent review on anomalies and anomalous U(1)s in field theory with extra
dimensions can be found in [103]
4.1 Anomalies and symmetries in four dimensions
We will now consider an anomalous U(1) gauge field Aµ in a four-dimensional theory.
Due to non-vanishing triangle diagrams

U(1)i
gµν
gµν

U(1)i
Gα
Gα

U(1)i
U(1)k
U(1)j
the effective action has an anomalous variation under a gauge transformation
Aµ → Aµ + ∂µǫ
δStriangle = C
∫
d4x ǫ
(
Tr[Q] R ∧ R + 1
3
Tr[Q3] F ∧ F + Tr[QT aT a]Tr[G ∧G]
)
(4.1.1)
where R is the gravitational two-form, G the field strength of a non-abelian gauge
boson and C is a universal coefficient.
This one-loop anomalous variation is cancelled by an axion field a that couples
appropriately to the action:
Seff =
∫
d4x
[
− 1
4g2
FµνF
µν − M
2
2
(∂µa+ Aµ)
2+ (4.1.2)
+C a
(
Tr[Q] R ∧ R + 1
3
Tr[Q3] F ∧ F + Tr[QT aT a]Tr[G ∧G]
)]
Under the U(1) gauge transformation the axion transforms as a → a − ǫ, and since
δSeff = −δStriangle the full effective action, including the one-loop determinants is
invariant. By choosing the physical gauge a = 0 we can see that the U(1) gauge
boson has acquired an (unormalized) mass M . We will indicate how to calculate this
mass further in these lectures.
In heterotic N=1 vacua there is a unique anomalous U(1) and its anomalies are
cancelled by the universal two-index anti-symmetric tensor. In the type-I vacua,
we may have several anomalous U(1)s and in four-dimensional compactifications
their anomalies are cancelled by a combination of RR untwisted and twisted axions
[115, 116].
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There are however, further effects associated with the anomalous U(1)’s and they
are best visible when N=1 supersymmetry is present. In this case, the axion belongs
to a chiral multiplet, and has a CP-even partner s. When the axion comes from the
twisted RR-sector, its partner is a scalar from the twisted NS sector. Its non-zero
expectation value blows-up the orbifold singularity.
First, supersymmetry implies that there is a CP-even partner to the anomaly-
cancelling CP-odd coupling of the axion. Thus, the D-brane gauge couplings have a
non-trivial tree level correction of the form
1
g2
=
V||
gs
+
∑
i
λi si (4.1.3)
where the sum is on the various twisted scalar partners of the axions that couple to
the given gauge field and λi are computable coefficients [117].
As it was shown in [118], at the orbifold fixed point < si >= 0. Once the orbifold
is blown up, the tree-level gauge coupling changes.
Second, there is a D-term potential of the form
V ∼ 1
g2
D2 =
1
g2
(s+
∑
i
Qi |φi|2)2 (4.1.4)
where Qi are the U(1) charges of the scalars φi. The minima of this potential are
qualitatively distinct depending on the expectation value of s.
• < s > 6= 0. Then, at least one charged scalar acquires a non-zero expectation
value in order to minimize the D-term and the global U(1) symmetry is broken. This
is the case in the heterotic string where < s >=< eφ >= gs, and for non-trivial
(interacting) vacua, < s > 6= 0.
• < s >= 0. Here, the D-term is generically minimized by vanishing expectation
values of the charged scalars and thus, although the gauge U(1) symmetry is broken
(and the gauge boson massive), the associated global symmetry remains intact in
perturbation theory.
This possibility is of utmost importance in D-brane model building, when the
string scale is low. Potential baryon and lepton number violating operators are
suppressed only by Ms ∼TeV and would be catastrophic unless baryon number is a
good symmetry. It can be arranged that baryon number is an anomalous U(1) gauge
symmetry, and its associated scalar stays at the orbifold point so that the symmetry
remains as a global symmetry, to protect against fast proton decay [119, 120].
Non-perturbative effects (instantons) break the global symmetry. For anomalous
U(1)s there are generically mixed anomalies with non-abelian groups. This indicates
that the associated non-abelian instantons violate the global symmetry.
We should distinguish two cases here.
•. The non-abelian group is unbroken and the interaction is strong. This implies
a strong breaking of the global symmetry. This is the case of the axial U(1) flavor
symmetry in QCD.
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• The non-abelian group symmetry is broken and the interaction necessarily
weak. In this case the breaking is small. An example of this is the breaking of
baryon number by weak SU(2) instantons, a process estimated by ’t Hooft to be
highly suppressed [121].
An important issue for phenomenology is the value for the physical mass of the
anomalous U(1) gauge bosons. The physical mass depends on the following effective
theory data.
(i) The UV massM in (4.1.2). This can be calculated only by a string calculation
and we will describe it in a following section.
(ii) The mass has an additive contribution from the Higgs effect if the SM Higgs
is charged under the anomalous U(1) in question (and it always is charged under at
least one anomalous U(1)).
(iii) The mass depends multiplicatively on the gauge coupling of the anomalous
U(1).
An important question is, how much of the above discussion applies in the ab-
sence of unbroken supersymmetry?
The qualitative structure of anomaly cancellation remains the same. In orien-
tifolds at tree level the D-term potential is as before, but it is corrected (typically
mildly) at one-loop, and this is welcome in order to generate a negative mass-square
for the Higgs. The UV mass remains the same (one-loop) since it is tied to anomalies.
However, the contributions from the Higgs effect and the gauge coupling change in
general at one loop.
4.2 Anomalies in six dimensions
An analysis of four-dimensional mixed U(1) anomalies, which can be done at the
level of the massless (effective field theory) spectrum, is not enough to determine
which of them obtain masses, [122, 123].
The reason is analogous to the fact that in the standard model massive quarks
and leptons contribute to anomalies. As shown by ’t Hooft, any fermion that can po-
tentially become massless at some ground state of the theory, contributes to anoma-
lies. For example, although SM fermions are massive in the broken vacuum, they are
massless in the symmetric vacuum, and thus contribute to anomalies.
In our case, possible vacua of the theory correspond also to expectation values
of the moduli scalars becoming infinite and the theory decompactifies to a higher-
dimensional string theory. Typically there is a part of the original spectrum which
decompactifies uniformly (some states remain localized in four dimensions). This
higher-dimensional theory may have anomalies not present in the four-dimensional
theory. They are induced by the KK-descendants of the fermions that although they
are massive in four dimensions, they become massless in higher dimensions. It is
thus possible, that a non-anomalous U(1) of the four-dimensional theory, becomes
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an anomalous higher dimensional U(1). Thus, it is important to investigate the effect
of the presence of higher-dimensional anomalies.
The first non-trivial higher-dimensional case arises in six dimensions. Here the
leading anomalous diagrams are quadrangles with one insertion of the divergence of
the U(1) current and the three further insertions of gauge fields (gravitons,abelian
and non-abelian gauge fields) in various combinations.
Moreover, the available form gauge fields to cancel the anomalies are (up to dual-
ity) pseudo-scalars (axions) and two-index antisymmetric tensors (of which typically
there are plenty in six-dimensional vacua) [115, 125].
It is enough to consider mixed anomalies of a single anomalous U(1) with a single
non-abelian group for our purposes.

U(1)i Gβ
Gα
Gγ

U(1)i Gα
U(1)j
Gα
Gravitational and U(1) anomalies have a similar structure [115].
In six dimensions there are two distinct U(1)/non-abelian mixed anomalies.
• Those corresponding to Tr[Q T a{T b, T c}], where Q is the U(1) charge generator
and the diagrams involved have three insertions of gluons.
Such an anomaly induces a non-invariance of the effective action, under U(1)
gauge transformations Aµ → Aµ + ∂µǫ,
δSquadrangle = C
∫
d6x ǫ Tr[Q T a{T b, T c}] Ga ∧Gb ∧Gc] (4.2.1)
where Ga is the field strength of the non-abelian gauge boson.
This one-loop anomalous variation is cancelled by a pseudoscalar axion a that
couples as
Seff =
∫
d6x
[
− 1
4g26
FµνF
µν − M
2
6
2
(∂µa+ Aµ)
2 + C a Tr[Q T a{T b, T c}] Ga ∧Gb ∧Gc
]
(4.2.2)
Under the U(1) gauge transformation the axion transforms as a→ a− ǫ, and again
since δSeff = −δSquadrangle the full effective action, including the one-loop determi-
nants is invariant.
In the presence of this type of six-dimensional anomaly, the anomalous U(1)
gauge boson picks a six-dimensional unormalized massM6. With a gauge field scaling
as mass and the axion being dimensionless, g6 scales as length and M6 as (mass)
2.
Upon compactification to four-dimensions on a two-dimensional compact manifold
of volume V2 the unormalized mass and the gauge coupling become
1
g24
=
V2
g26
, M24 = V2 M
2
6 (4.2.3)
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and the normalized physical four-dimensional mass is
Mphys = g4 M4 = g6 M6 (4.2.4)
• Anomalies corresponding to Tr[Q2 T aT a], the diagrams involved having two in-
sertions of gluons and one anomalous U(1) gauge boson. The one-loop non-invariance
of the effective action, here is
δSquadrangle = C
∫
d6x ǫ Tr[Q2 T aT a] F ∧Ga ∧Ga (4.2.5)
and the anomaly is cancelled by a two-index antisymmetric tensor Bµν
Seff =
∫
d6x
[
− 1
4g26
FµνF
µν − 1
3!
HˆµνρHˆ
µνρ + Tr[Q2 T aT a] B ∧Ga ∧Ga
]
(4.2.6)
where
Hˆµνρ = ∂µBνρ + 2 Aµ∂νAρ + cyclic permutations ∼ dB + CS3 (4.2.7)
where CS3 is the Chern-Simons 3-form of the U(1) gauge field. Under the U(1) gauge
transformation the antisymmetric tensor transforms as
Bµν → Bµν − ǫ Fµν (4.2.8)
so that Hˆµνρ is gauge invariant. The gauge variation is non-zero for the last term
and since δSeff = −δSquadrangle the full effective action, including the one-loop de-
terminants is invariant.
Note that in this case, there is no mass generated for the anomalous U(1) gauge
boson, and the associated U(1) gauge symmetry is not broken by the anomaly.
The general case involves a combination of the two types of mixed anomalies. A
six-dimensional mass is generated only in the presence of the first type of anomaly.
Although there are no known eight-dimensional ground states with anomalous
U(1)s we will briefly describe the effects of anomalies in this case.
• A Tr[Q3 T aT a] anomaly is canceled by a four-form gauge field C4 with a field
strength dC4+F ∧CS3(A) and anomaly-canceling term C4∧Ga∧Ga. The anomalous
gauge boson remains massless.
• A Tr[Q2 T a{T b, T c}]] anomaly is canceled by a two-form gauge field C2 with
a field strength dC2 + CS3(A) and anomaly-canceling term C2 ∧Ga ∧Gb ∧Gc. The
anomalous gauge boson remains massless.
• A Tr[Q T 4] anomaly is canceled by an axion a with kinetic term (∂a + A)2
and anomaly canceling term a Ga ∧ Gb ∧Gc ∧Gd. In this case the anomalous U(1)
gauge boson acquires a mass.
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4.3 String calculation of anomalous U(1) masses
In view of the fact that anomalous U(1) symmetries are generic in D-brane real-
izations of the SM, their detailed study is of phenomenological importance for two
reasons.
• Anomalous massive gauge bosons are a generic prediction and their masses
can be at most as large as the string scale (or lower) which for low-scale vacua is
in the TeV range. Moreover, it is possible that their UV masses be much smaller
than the string scale [123] unlike the heterotic case. Thus, such gauge bosons can be
produced in colliders, and they also affect, via their virtual effects, SM processes [114].
Moreover, they generically mix with weak gauge bosons affecting their tree level
couplings and may have measurable consequences [113]. If their masses turn out to
be much lower than the string scale, they may make such ground-states incompatible
with existing experimental data.
• Four-dimensional U(1)’s free of four-dimensional anomalies, namely the hyper-
charge of the SM, may suffer in a given ground state of higher-dimensional anomalies
that induce a mass term, rendering the model incompatible with experimental data.
It is thus obvious that a string calculation of their masses is important. Although
we have argued that the presence or absence of mass can be detected by a careful
study of anomalies in various decompactification limits, the precise value of the
mass depends on the UV structure of the open (matter) sector and via UV/IR
(open/closed) correspondence to IR data of the gravitational (closed) sector.
The mass can be indirectly calculated by a disk calculation of the mixing between
the relevant axion and the anomalous U(1) gauge boson, or by a one-loop calculation
of the two-gauge boson amplitude. Although the first method seems simpler, nor-
malizing the amplitude is very difficult, except for the case of axions descending from
the ten-dimensional RR forms (untwisted axions). Thus, generally the second cal-
culation is preferable and we will sketch it below. The anomalous U(1) masses were
calculated in [123] for supersymmetric vacua and in [124] for non-supersymmetric
vacua.
The two possible surfaces that can contribute to terms quadratic in the gauge
boson at the one-loop level are the annulus and the Mo¨bius strip. Of those, only the
annulus with the gauge field vertex operators inserted at the two opposite ends has
the appropriate structure to contribute to the mass-term. Indeed, vertex operators
inserted at the same boundary will be proportional to Tr[γkλ
aλb], where γk is the
representation of the orbifold group element in the k-th orbifold sector acting on
the Chan–Paton (CP) matrices λa. On the other hand, for gauge fields inserted on
opposite boundaries, the amplitude will be proportional to Tr[γkλ
a]Tr[γkλ
b] and it
is this form of traces that determines the anomalous U(1)s [116]. As we show below,
the mass comes from an UV contact term. The potential UV divergences that come
from vertex operators inserted on the same boundary (both in cylinder and Mo¨bius
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strip) cancel because of tadpole cancellation [126].
We must concentrate on the CP-even part of the amplitude which receives con-
tributions only from even spin structures. This implies that we need the gauge boson
vertex operators in the zero-ghost picture:
V a = λaǫµ(∂X
µ + i(p · ψ)ψµ)eip·X , (4.3.1)
where λ is the Chan–Paton matrix and ǫµ is the polarization vector. Due to the
structure of the vertex operators, the annulus amplitude for the two anomalous gauge
bosons is O(p2) before integration over the annulus modulus t. A contribution to the
mass will be generated if a 1/p2 pole appears after the t integration. This can only
come from the UV region t→∞. The IR region, only produces the standard log(p2)
running behavior of the effective gauge couplings. Thus, the UV tadpole responsible
for the mass can be calculated directly in the closed string channel (t → 1/t). For
N=0,1 sectors we obtain for the unormalized mass[123, 124]
M2ab|N=1 =
1
π3
∑
N=1 sectors
Tr[γkλ
a]Tr[γkλ
b]Strk
[
1
12
− s2
]
massless closed channel
(4.3.2)
where s is the four-dimensional helicity. When the gauge fields come from different
branes, then, the associated γ matrices appear in the formula above.
The contribution of N=2 sectors is volume-dependent. If the boundary condi-
tions along the untwisted torus are NN and its volume (in string units) V2, then
M2ab
∣∣
N=2
= −2V2
π3
∑
N=2 sectors
Tr[γkλ
a]Tr[γkλ
b]Strk
[
1
12
− s2
]
massless open channel
(4.3.3)
where here the helicity supertrace is the same in the open and closed channels. This
in particular implies that volume dependent contributions to the anomalous U(1)
masses can be calculated in the effective (open) field theory.
In the DD case, relevant for mass matrix elements coming from Dp<9 branes, the
mass is similar as above with V2
α′
→ α′
V2
(V2 → 1/(4V2) for the α′ = 1/2 choice used
here.
We can intuitively understand the volume-depended contributions of the anoma-
lous U(1) masses from the following geometrical picture. The contribution to a given
quadratic term AiµA
j
µ is mediated by all axions that mix at the disk level with both
Aiµ and A
j
µ
Consider first the case of the two anomalous U(1) gauge bosons coming from
the same stack of branes that stretch in the four-dimensional Minkowski space, M4
and wrap an internal manifold GA. The axion that couples to the U(1)’s lies on an
orbifold plane stretching along M4, and wrapping an internal manifold Ga. Let Gc
be the common submanifold of GA and Ga with volume Vc, VA the volume of G
t
A
(the part of GA transverse to Gc) and Va the volume of G
t
a (the part of Ga transverse
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to Gc). Upon T-duality in the directions spanned by G
t
a we obtain a D-brane that
wraps the directions of Ga but with volume Vc/Va. The axion and the gauge fields
now overlap over all directions along Ga.
Standard dimensional reduction now implies that
M2ij ∼
Vc
Va
(4.3.4)
and this captures the general behavior.
When the two gauge fields come from different stacks of branes, then (4.3.4) is
still valid if in the previous discussion we substitute the D-brane world-volume with
the common part of the two D-brane world-volumes.
The N=2 contributions, linear in the internal volumes are effectively higher-
dimensional effects and thus sensitive to higher dimensional anomalies as advocated
earlier.
4.4 An example: anomalous U(1) masses in the Z ′6 orientifold
The orbifold rotation vector is (v1, v2, v3) = (1,−3, 2)/6. There is an order two twist
(k = 3) and we must have one set of D5-branes. Tadpole cancellation then implies
the existence of 32 D9-branes and 32 D5-branes that we put together at one of the
fixed points of the Z2 action (say the origin). More details on this orientifold can be
found in [127]. The gauge group has a factor of U(4)×U(4)×U(8) coming from the
D9-branes and an isomorphic factor coming from the D5-branes. The N = 1 sectors
correspond to k = 1, 5, while for k = 2, 3, 4 we have N = 2 sectors.
The potentially anomalous U(1)s are the abelian factors of the gauge group. The
four-dimensional anomalies of these U(1)s (and their cancellation mechanism) were
computed in [116]. The mixed anomalies with the six non-abelian groups are given
by the matrix2 

2 2 4
√
2 −2 0 −2√2
−2 −2 −4√2 0 2 2√2
0 0 0 2 −2 0
−2 0 −2√2 2 2 4√2
0 2 2
√
2 −2 −2 −4√2
2 −2 0 0 0 0


, (4.4.1)
where the columns label the U(1)s while the rows label the non-abelian factors
SU(4)29 × SU(8)9 × SU(4)25 × SU(8)5. The upper 3×3 part corresponds to the 99
sector and the lower one to the 55 sector. As can be seen by this matrix, the two
linear combinations
√
2(A1 + A2) − A3 and
√
2(A˜1 + A˜2) − A˜3 are free of mixed
four-dimensional non-abelian anomalies. It can also be shown that they are also free
of mixed U(1) anomalies.
2Here we use a different normalization for the U(1) generators than in [116].
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The un-normalized mass matrix has eigenvalues and eigenvectors [123]:
m21 = 6V2 , −A1 + A2 ; (4.4.2)
m22 =
3
2V2
, −A˜1 + A˜2 ; (4.4.3)
m23,4 =
5
√
3 + 48V3 ±
√
3(25− 128√3V3 + 768V 23 )
12
, (4.4.4)
with respective eigenvectors
±a±(A1 + A2 − A˜1 − A˜2)−A3 + A˜3 (4.4.5)
where
a± =
∓3 +
√
25− 128√3V3 + 768V 23
4
√
2(4
√
3V3 − 1)
; (4.4.6)
m25,6 =
15
√
3 + 80V3 ±
√
5(135− 384√3V3 + 1280V 23 )
12
, (4.4.7)
with respective eigenvectors
±b±(A1 + A2 + A˜1 + A˜2) + A3 + A˜3 (4.4.8)
where
b± =
±9√3−
√
5(135− 384√3V3 + 1280V 23 )
4
√
2(20V3 − 3
√
3)
. (4.4.9)
V1,2,3 are the volumes of the three two-dimensional internal tori.
Note that the eigenvalues are always positive. They are also invariant under the
T-duality symmetry of the theory V2 → 1/4V2. Thus, all U(1)s become massive,
including the two anomaly-free combinations. The reason is that these combinations
are anomalous in six dimensions [128]. Observe however, that in the limit V3 → 0, the
two linear combinations that are free of four-dimensional anomalies become massless.
This is consistent with the fact that the six-dimensional anomalies responsible for
their mass cancel locally in this limit [122, 123].
More examples can be found in [123, 124]. The relationship between four-
dimensional masses and six dimensional anomalies has been analyzed in detail in
[128]
4.5 Physical axions
When the Higgs effect is also at work in the presence of anomalous U(1)’s then there
may remain physical massless axions in the spectrum. They are linear combinations
of the closed string axions responsible for anomaly cancellation and the Higgs phases.
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Such axions will obtain small masses from instanton effects. However, their couplings
to matter are strongly constrained by experimental data, and it is thus important
to understand to what extent they can be problematic. In D-brane realizations of
the standard model we must have at least two Higgs fields in order to be able to
give masses to all quarks and leptons [108]. Moreover, each Higgs is charged under
hypercharge and an anomalous U(1).
We will analyze here the case of a single anomalous U(1) coupled to a Higgs field
in order to discuss the relevant effects.
Consider an anomalous U(1) gauge boson Aµ coupled to a complex Higgs H , an
anomaly-canceling axion a, other (non)-abelian gauge fields G and matter fermions
ψ.
S = − 1
4g2
F 2µν −
1
2
(k∂µa+M Aµ)
2 +Ai aTr[Gi ∧Gi]− (4.5.1)
−1
2
|∂µH + ie Aµ H|2 + V (|H|) + γ H ψψ¯
where Ai is the mixed anomaly Ai ∼ Tr[Q T ai T ai ]. Parameterize H = r eiθ.
The relevant U(1) gauge transformations are
Aµ → Aµ + ∂µǫ , a→ a− M
k
ǫ , θ→ θ − e ǫ (4.5.2)
The minimum of the Higgs potential imposes r = v and expanding around it
(ignoring the radial fluctuations) the relevant action becomes
S = − 1
4g2
F 2µν −
1
2
(k∂µa+M Aµ)
2+Ai aTr[Gi ∧Gi]− v
2
2
|∂µθ + e Aµ|2+ γv eiθ ψψ¯
(4.5.3)
We now redefine the scalars
φ = kM a+ ev2 θ , χ = −ek2 a+ kM θ (4.5.4)
a =
kM φ− ev2 χ
k2(M2 + e2v2)
, θ =
ek φ+M χ
k(M2 + e2v2)
(4.5.5)
The scalar χ is gauge invariant while φ transforms under gauge transformations.
The action now becomes
S = − 1
4g2
F 2µν −
1
2
(∂µφ+ (M
2 + e2v2) Aµ)
2
M2 + e2v2
− v
2
2k2(M2 + e2v2)
(∂µχ)
2+ (4.5.6)
+
Ai(kMφ − ev2χ)
k2(M2 + e2v2)
Tr[Gi ∧Gi] + γv e
i(ekφ+Mχ)
k(M2+e2v2) ψψ¯
We will gauge fix φ = 0 (physical gauge) and rescale χ
χˆ =
v
k
√
M2 + e2v2
χ (4.5.7)
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to finally obtain
S = − 1
4g2
F 2µν −
M2 + e2v2
2
A2µ −
1
2
(∂µχˆ)
2− (4.5.8)
− Aiev
k
√
M2 + e2v2
χˆ T r[Gi ∧Gi] + γv e
iM χˆ
v
√
M2+e2v2 ψψ¯
The Yukawa coupling between the physical axion and the fermions is
γeff = γ
M√
M2 + e2v2
(4.5.9)
In order to suppress this interaction we must have M << ev. Then
S = − 1
4g2
F 2 − e
2v2
2
A2 − 1
2
(∂χˆ)2 − Ai
k
χˆ Tr[Gi ∧Gi] + γv e
iM χˆ
ev2 ψψ¯ (4.5.10)
Consider the anomalous gauge boson to come from a D-brane, and the axion
from an orbifold plane. Call the internal volume of the common intersection Vc,
while the totally transverse volumes VA and Va.
Then
1
g2
=
VcVA
gs
, M2 =
Vc
Va
M2s , k
2 =
VcVa
g2s
, Ai ∼ ai
Ms
(4.5.11)
and
MA =
√
gs
e v√
VcVA
, γeff = γ
Ms
ev
√
Vc
Va
, µi =
gs√
VaVc
ai
Ms
(4.5.12)
where µi is the axionic trilinear coupling to other gauge bosons. Doing a chiral
transformation we can transfer the axionic couplings to the Yukawas:
γˆeff =
mψ Ms
ev2
√
Vc
Va
+
mψ
Ms
gs√
Va Vc
(4.5.13)
where we have used mψ = γ v. Thus, for suppression, we must have large Va and
we can set Vc ∼ O(1) since, as we will argue later, we want a minimum of large
dimensions.
If VA ∼ 1, then the axion coupling is O(1) and the anomalous gauge-boson mass
is of the order of the Z0 mass. This is experimentally excluded. Thus VA should
be large. Then, we end up with a gauge boson stretching in 4 large dimensions and
we expect problems from supernovae energy-loss. To estimate it, let us recall the
amplitude for KK-graviton energy loss from supernovae, [279]
Pg ∼ 1
M2P
(RT )n ∼ g2s
T n
Mn+2s
(4.5.14)
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where we assumed n large dimensions of common size R, T is the temperature at
the supernova core and the four-dimensional Planck scale is M2P = R
nMn+2s /g
2
s . The
factor RT counts the number of KK states that can be radiated away (per large
dimension).
The similar rate for the emission of KK-states of a (massive) vector is
PA ∼ g2 (RT −MA)nA 1
T 2
(4.5.15)
where g is the four-dimensional gauge coupling g2 = gs/(MsR)
nA and nA is the
number of large dimensions felt by the gauge field. When MA ≥ RT then the
emission rate is suppressed kinematically. In the opposite case MA << RT we have
PA ∼ gs T
nA−2
MnAs
(4.5.16)
and
PA
Pg
∼ 1
gs
(
Ms
T
)n+2−nA
(4.5.17)
Since n − nA ≥ 0, for low scale string models PAPg ≥ 108 − 1010 and gauge boson
emission provides more stringent constraints than KK-graviton emission.
These constraints can be avoided if MA ∼ 30 MeV. This requires VA ∼ 107
with g
2
4π
∼ 10−8. This may be allowed, however in this case there are again 4 large
dimensions and there are only two string-size dimensions in which standard model
branes can stretch.
A way out of this impasse is to have additional U(1) symmetry breaking effects
in the potential, by moving, for example, away from the orbifold point.
5. D-brane Standard Model building
Our purpose here is to investigate closely the configuration of D-branes that can lead
to the SM spectrum and gauge groups. In general, an orientifold ground state consists
of a six-dimensional compactification manifold (with potential orbifold singularities).
Embedded are Dp≥3 branes who stretch along Minkowski space and wrap the extra
p-3 dimensions on appropriate cycles of the compact manifold. Also included are
Orientifold planes that cancel the tadpoles of the theory.
Since masses of open strings are proportional to their lengths, it is obvious that
the branes that give rise to the SM fields must be very close together in the internal
space. Thus, we can talk about the local group of SM D-branes and we may focus our
discussion on this. The presence of other branes further away may affect global rather
than local properties of the model (but can be important for the overall stability of
the configuration).
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For simplicity we will assume that the compact space is an orbifolded torus, but
our discussion applies also to curved compactifications.
We will also focus on ground states with a string scale in the TeV range, because
such ground states may have easily reachable experimental consequences for the
future collider experiments.
The standard relation between the string scale and the Planck scale, namely
M2P =
V6
g2s
M2s implies that the internal volume must be very large in string units.
The hierarchy problem in this context is the question of what stabilises the value of
V6 >> 1. No compelling answer exists to this question so we will bypass it and move
on.
Since Ms ∼TeV, supersymmetry can break at the string scale.
An important constraint comes from the fact that a SM D-brane wrapping a
large dimension automatically implies a multitude of KK states for the appropriate
gauge bosons with small masses. These are experimentally unacceptable. Thus,
D-branes generating the SM gauge group should wrap string-sized dimensions.
The interesting question is how many large dimensions the internal manifold can
have. We have two competing effects. If there are several large dimensions, the
space where we can stretch the SM branes is very much reduced, and it is difficult to
generate the small differences of the SM gauge couplings (that in the simplest case are
proportional to the internal volumes). Thus, it would seem that the optimum would
correspond to one large dimension. However as shown in [129], in this case UV/IR
duality implies power corrections to the effective field theory that destroy decoupling.
The next best is two large dimensions, since in this case quantum corrections are soft
(logarithmic) and this is what we will assume in the sequel.
There is another important ingredient in the SM and this is neutrinos with
naturally light (e.g. 10−3−1 eV) masses. The only known mechanism in open string
theory that can achieve this, stipulates that right-handed neutrinos come from a
brane wrapping one or more large dimensions [130]-[136].
The relevant effective action is
Sneutrino ∼
∫
d4x (V ν¯R /∂ νR +m ν¯R νL) (5.1)
where V is large and m ∼ O(1) since the brane carrying νL is intersecting the one
of νR only along the four-dimensional Minkowski space. Normalizing the kinetic
term to one, we obtain a mass ∼ m/√V which is naturally small. For this to be
protected, large (∼ Ms) Majorana masses for the neutrinos must be forbidden, and
this is taken care of by good lepton number conservation.
Thus, in order to have naturally light neutrinos, at least one of the SM branes
should wrap the large dimensions. There are several further questions that we will
subsequently address. Concerning the structure of generations, as advocated earlier
they may be obtained either from multiplicities in the case of branes at singularities
or multiple intersections of branes.
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5.1 Symmetries and Charges
Extensions of the SM with a low string scale may have a priori severe problems with
proton decay unless baryon number is a good global symmetry. It is similar with
lepton number since it is an approximate symmetry of the low energy physics and is
needed to protect small neutrino masses.
As we have argued earlier, in orientifolds, anomalous U(1) symmetries may re-
main as unbroken global symmetries in perturbation theory, broken only by non-
perturbative effects. It is thus a requirement that the brane configuration guarantees
that baryon and lepton number are such anomalous U(1) gauge symmetries.
We may now move on to discuss the embedding of the SM charges in the D-brane
configuration.
The minimal D-brane configuration that can successfully accommodate the SM
gauge group consists of three sets of branes with gauge symmetry U(3)c × U(2)L ×
U(1)1. The first set contains three coincident branes (“color” branes). An open
string with one end attached to this set, transforms as an SU(3)c triplet (or anti-
triplet), but also carries an additional U(1)c quantum number which can be identified
with the (gauged) baryon number. Similarly, U(2)L is realized by a set of two co-
incident branes (“weak” branes) and open strings attached to them from the one
end are SU(2)L doublets characterized by an additional U(1)L quantum number, the
(gauged) weak “doublet” number. Moreover, consistency of the SM embedding re-
quires the presence of an additional U(1)1 factor, generated by a single brane. This is
needed for several reasons, the most important being mass generation for all quarks
and leptons of the heaviest generation.
In all the above brane configurations there exist states (e.g. the SU(2)L singlet
anti-quarks) which correspond to open strings with only one of their ends attached
to one of the three sets of D-branes. The other end must go to another brane. This
requires the existence of at least one more U(1) brane. Moreover, this brane can
wrap a large dimension and can provide right-handed neutrinos with small masses.
Thus, we consider an additional D-brane (in the bulk) giving rise to an extra
abelian gauge factor U(1)b.
particle U(1)c U(1)L U(1)1 U(1)b
Q(3, 2, 1
6
) +1 w 0 0
uc(3¯, 1,−2
3
) −1 0 a1 a2
dc(3¯, 1,+1
3
) −1 0 b1 b2
L (1, 2,−1
2
) 0 +1 c1 c2
ec(1, 1,+1) 0 dL d1 d2
Table 1: SM particles with their generic charges under the abelian part of the gauge
group U(3)c × U(2)L × U(1)1 × U(1)b.
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The total gauge group is
G = U(3)c × U(2)L × U(1)1 × U(1)b
= SU(3)c × U(1)c × SU(2)L × U(1)L × U(1)1 × U(1)b (5.1.1)
and contains four abelian factors. The assignment of the SM particles is partially
fixed from its non-abelian structure. The quark doublet Q corresponds to an open
string with one end on the color and the other on the weak set of branes. The
anti-quarks uc, dc must have one of their ends attached to the color branes. The
lepton doublet and possible Higgs doublets must have one end on the weak branes.
However, there is a freedom related to the abelian structure, since the hypercharge
can arise as a linear combination of all four abelian factors. In a generic model, the
abelian charges can be expressed without loss of generality in terms of ten parameters
displayed in Table 1.
We should stress here that we assume the minimal SM spectrum without super-
partners and other exotics.
In a convenient parameterization, normalizing the U(N) ∼ SU(N)×U(1) gener-
ators as TrT aT b = δab/2, and measuring the corresponding U(1) charges with respect
to the coupling g/
√
2N , the ten parameters are integers: a1,2, b1,2, c1,2, d2 = 0,±1,
d1 = 0,±1,±2, dL = 0,±2, w = ±1 satisfying∑
i=1,2
|ai| =
∑
i=1,2
|bi| =
∑
i=1,2
|ci| = 1,
∑
i=1,2,L
|di| = 2 . (5.1.2)
The first three constraints in (5.1.2) correspond to the requirement that the uc and
dc anti-quarks, as well as the lepton doublet, must come from open strings with one
end attached to one of the abelian D-brane sets. The fourth constraint forces the
positron ec open string to be stretched either between the two abelian branes, or to
have both ends attached to the abelian U(1)1 brane, or to the weak set of branes.
In the latter case, it has U(1)L charge ±2 and is an SU(2)L singlet arising from the
antisymmetric product of two doublets. The parameter w in Table 1 refers to the
U(1)L charges of the quark-doublets, that we can choose to be ±1, since doublets are
equivalent with anti-doublets. Note that a priori one might also consider the case
in which one of the uc and dc anti-quarks arises as a string with both ends on the
color branes (3× 3 = 3¯+ 6), so that its U(1)c charges would be ±2. This, however,
would invalidate the identification of U(1)c with the baryon number and forbid the
presence of quark mass terms, since one of the combinations Quc and Qdc would not
be neutral under U(1)c.
The hypercharge can in general be a linear combination of all four abelian group
factors. However, we must restrict ourselves to models in which the bulk U(1)b does
not contribute to the hypercharge. Since the U(1)b gauge coupling is tiny (because
the brane wraps a large volume) if it participates in the hypercharge, it will force
the hypercharge gauge coupling to be tiny, contrary to the experimental results.
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Hence,
Y = k3Qc + k2QL + k1Q1 . (5.1.3)
The correct assignments for SM particles are reproduced, provided
k3 + k2w =
1
6
, −k3 + a1k1 = −2
3
, −k3 + b1 k1 = 1
3
(5.1.4)
k2 + c1 k1 = −1
2
, k2 dL + d1 k1 = 1.
Notice that the above equations imply that k1 6= 0.
The next step, after assigning the correct hypercharge to the SM particles, is to
check for the existence of candidate fermion mass terms. Here, we discuss only the
question of masses for one generation (the heaviest) and we do not address the general
problem of flavor. To lowest order, the mass terms are of the form QdcH†d, Qu
cHu
and LecH†e where Hd, Hu, He are scalar Higgs doublets with appropriate charges. For
the generic charge assignments of Table 1, the required Higgs charges are
Hu = (1, 2, 0,−w,−a1,−a2)
Hd = (1, 2, 0,+w,+b1,+b2) (5.1.5)
He = (1, 2, 0, 1 + dL, c1 + d1, c2 + d2) .
Provided the constraints (5.1.2) are satisfied, both Hu and Hd have the right
charges and correspond to strings stretched between the weak and one of the abelian
branes. Thus, (5.1.2) guarantees the existence of tree-level quark masses. On the
other hand, the existence of He depends on the particular choice of parameters, e.g.
for c1 + d1 = 2, He does not exist and a tree-level lepton mass term (Le
cH†) is
forbidden. The generic constraint that guarantees tree-level lepton masses is∑
i=1,2
|ci + di| = |1 + dL| = 1 . (5.1.6)
The hypercharge constraints (5.1.4) can be easily solved. They require a1 6= b1
and
k3 =
a1 + 2 b1
3 (b1 − a1) , k2 = −
(a1 + b1)
2 (b1 − a1) w , k1 =
1
b1 − a1 (5.1.7)
c1 = −b1 − a1
2
+
(a1 + b1)
2w
, d1 = b1 − a1 + (a1 + b1) dL
2w
. (5.1.8)
Using charge conjugation, it is sufficient to search for solutions with (a1, b1) ∈
{(−1, 0), (−1, 1), (0, 1)}. Solving for these choices, we get three allowed hypercharge
embeddings:
(i) a1 = −1, b1 = 1 : Y = 1
6
Qc +
1
2
Q1 (5.1.9)
(ii) a1 = −1, b1 = 0 : Y = −1
3
Qc +
w
2
QL +Q1 (5.1.10)
(iii) a1 = 0, b1 = 1 : Y =
2
3
Qc − w
2
QL +Q1 . (5.1.11)
36
Case (i) leads to c1 = −1, c2 = 0, d1 = 2, d1 = dL = 0. This is a special solution where
the U(1)b brane decouples from the model since no SM particles are attached to it.
It satisfies (5.1.6) and thus leads to tree level lepton masses. The solution exists for
both w = ±1, as the value of w does not play an important role when k2 = 0. In case
(ii), we have c1 = −(1+w)/2, dL = 0, d1 = 1 or c1 = (1+w)/2, dL = 2w, d1 = d2 = 0,
while case (iii) leads to c1 = (w−1)/2, dL = 0, d1 = 1 or c1 = (1+w)/2, dL = 2w, d1 =
d2 = 0.
Combining the above three cases with the constraints (5.1.2) and (5.1.6), we
get nine distinct configurations with tree-level quark and lepton masses. Out of
these only four have a lepton number symmetry. We display these models in table 2
[108, 109].
a1 a2 b1 b2 c1 c2 d1 d2 dL w Y nh
1 −1 0 0 −1 0 −1 1 1 0 −1 −1
3
Qc − 12 QL +Q1 2
2 0 1 1 0 0 −1 1 1 0 1 2
3
Qc − 12 QL +Q1 2
3 −1 0 0 −1 0 −1 0 0 −2 −1 −1
3
Qc − 12 QL +Q1 2
4 0 1 1 0 0 −1 0 0 −2 1 2
3
Qc − 12 QL +Q1 2
Table 2: The four brane configurations consistent with baryon and lepton number con-
servation.
We should note that in order for lepton number to appear as a gauged symmetry,
the presence of U(1)b is crucial.
5.2 Gauge couplings
We will now match the gauge couplings of the configurations described in the previous
section with the measured ones in order to determine the string scale.
We will have to be a bit more explicit about the brane configuration. The branes
we can use are either D3/D7, or D5/D9 branes. The two sets can be interchanged by
duality. We will focus on the second set. Then the Standard model particles must
be associated with D5 branes except for the U(1)b brane that can be either D5 or
D9. We will take it to be a D5 without loss of generality. We split, for simplicity,
the six internal dimensions 4, 5, · · · , 9 into three two-tori. The third two-torus along
8, 9 is the one that has large volume.
Without loss of generality we take the world-volume of the U(3) branes to stretch
along 0, 1, 2, 3, 4, 5, and that of the U(2) branes along 0, 1, 2, 3, 6, 7. We need the
internal volumes wrapped to be distinct, in order to create the difference between the
weak and the strong coupling constant. The U(1)b stretches then along 0, 1, 2, 3, 8, 9
and wraps the two large dimensions. the final U(1) brane must wrap the string size
dimensions. We have two distinct options:
• It is parallel to the U(3) branes. Then (2.2.3) indicates that it must have the
same gauge coupling at the string scale: g1 = g3.
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|k3| |k2| |k1| MU(TeV ) g2(MU )/g3(MU) g2(MU)g3(MU)
1
6
0 1
2
4.6× 1020 1.1 0.21
g1 = g3
1
3
1
2
1 2.4× 103 0.76 0.48
2
3
1
2
1 7.2 0.65 0.61
1
6
0 1
2
1.5× 1022 1.1 0.26
g1 = g2
1
3
1
2
1 0.32 0.57 0.73
2
3
1
2
1 − − −
Table 3: The string scale Ms = 2.5 MU and the two independent gauge couplings for the
two possible brane configurations and the various hypercharge embeddings.
• It is parallel to the U(2) branes. Then g1 = g2.
Thus the strategy is to relate the two independent parameters g2, g3 and the
string scaleMs to the measured values of the three SM couplings. This will determine
g2,3 and the string scale.
In our normalizations, the hypercharge coupling gY at the string scale is ex-
pressed as
1
g2Y
=
6 k23
g23
+
4 k22
g22
+
2 k21
g21
. (5.2.1)
The one loop coupling evolution is given by (αi = g
2
i /4π),
1
αi(Ms)
=
1
αi(MZ)
+
bi
4π
ln
∆IMs
MZ
, (5.2.2)
where b3 = −7, b2 = −10/3 + nh/6, bY = 20/3+ nh/6 and nh is the number of scalar
Higgs doublets.
The results are presented in Table 3. In the above calculations we have assumed
that the number of doublets nh is the minimum nh = 2 required by the model.
It is obvious that the models that have consistent (small) values of the string
scale are the third and the fifth in Table 3. Such values for the string scale are
indicative since they may be modified by non-trivial threshold corrections.
On the other hand the coupling of U(1)b can be calculated from (2.1,2.2.3) to be
g2b =
2gs
α2 α3
M2s
M2P
(5.2.3)
giving gb ∼ 10−16 − 10−14 when Ms ∼ 1− 10 TeV.
There is finally another possibility that is relevant only for D-brane models with
a string scale close to the four-dimensional Planck scale [110]. For such models the
U(1)b brane does not wrap a large dimension. It can consequently participate in
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the hypercharge. Taking this into account there is one more acceptable hypercharge
embedding (up to signs) given by
QY =
1
6
Q3 − 1
2
(Q1 +Qb) (5.2.4)
The spectrum of a model in this class is
Q (3, 2,+1,−1, 0, 0) , uc(3¯, 1,−1, 0, 1, 0) , dc(3¯, 1,−1, 0,−1, 0)
L( 1, 2, 0,+1, 0, 1) , ec(1, 1, 0, 0,−1,−1) , νR(1, 1, 0, 0, 1,−1)
An economic solution of solving the tadpole conditions is putting the U(1)1 brane
on top of the color branes indicating again a “petite unification”: g3 = g1. This
also produces the appropriate intersection numbers needed for family replication.
Asking for the hypercharge gauge boson to remain massless indicates a symmetric
configuration with gb = g2. We are thus left with two independent gauge couplings
at the string scale. Fitting them to gauge coupling one obtains a “consistent” string
scale of Ms ∼ 2× 1016 GeV [110].
5.3 Viable D-brane configurations
So far, we have classified all possible U(3)c × U(2)L × U(1)1 × U(1)b brane mod-
els that can successfully accommodate the SM spectrum. The quantum numbers
of each model as well as the hypercharge embedding are summarized in Table 2.
Furthermore, compatibility with type I string theory with string scale in the TeV
region, requires the bulk to be two-dimensional of (sub)millimeter size, and leads to
two possible configurations: Place the U(1)1 brane on top of the weak U(2)L stack
of branes or on top of the color U(3)c branes. These impose two different brane
coupling relations at the string (unification) scale: g1 = g2 or g1 = g3, respectively.
For every model, using the hypercharge embedding of Table 2, the one loop gauge
coupling evolution and one of the above brane coupling conditions, we can determine
the unification (string) scale that reproduces the weak angle at low energies. The
results are summarized in Table 3.
We will now describe in more detail the four viable brane configurations that we
label A,A’,B,B’.
Models A and A′
We consider here the models 1 and 3 of Table 2, hereafter referred as models A
and A′ respectively. They are characterized by the common hypercharge embedding
Y = −1
3
Qc − 1
2
QL +Q1 (5.3.1)
but they differ slightly in their spectra. The spectrum of model A is
Q (3, 2,+1,−1, 0, 0) , uc(3¯, 1,−1, 0,−1, 0) , dc(3¯, 1,−1, 0, 0,−1)
L( 1, 2, 0,+1, 0,−1) , ec(1, 1, 0, 0,+1,+1) , νR(1, 1, 0, 0, 0,±2)
Hu(1, 2, 0,+1,+1, 0) , Hd(1, 2, 0,−1, 0,−1)
39
bc L
d
u
e b
c L
d
u
e
Figure 1: Pictorial representation of models A,A′.
while in model A′ the right-handed electron ec is replaced by an open string with
both ends on the weak brane stack, and thus ec = (1, 1, 0,−2, 0, 0). The two models
are presented pictorially in Figure 1.
Apart from the hypercharge combination (5.3.1) all remaining abelian factors
are anomalous. Indeed, for every abelian generator QI , I = (c, L, 1, b), we can cal-
culate the mixed gauge anomaly KIJ ≡ TrQIT 2J with J = SU(3), SU(2), Y , and
gravitational anomaly KI4 ≡ TrQI for both models A and A′:
K(A) =


0 −1 −1
2
−1
2
3
2
−1 0 −1
2
−3
2
1
3
−1
3
1
6
0 −4 −2 −4

 , K(A
′) =


0 −1 −1
2
−1
2
3
2
−1 0 −1
2
−3
2
−5
3
−4
3
−5
6
0 −6 −3 −5

 (5.3.2)
It is easy to check that the matrices KKT for both models have only one zero eigen-
value corresponding to the hypercharge combination (5.3.1) and three non vanishing
ones corresponding to the orthogonal U(1) anomalous combinations. As discussed
earlier, the three extra gauge bosons become massive, leaving behind the correspond-
ing global symmetries unbroken in perturbation theory. The three extra U(1)’s can
be expressed in terms of known SM symmetries:
Baryon number B =
1
3
Qc
Lepton number L =
1
2
(Qc +QL −Q1 −Qb) (5.3.3)
Peccei–Quinn QPQ = −1
2
(Qc −QL − 3Q1 − 3Qb)
Thus, our effective SM inherits baryon and lepton number as well as Peccei–Quinn
(PQ) global symmetries from the anomaly cancellation mechanism.
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Accordind to our previous discussion of anomalous U(1) masses:
1. The two U(1) combinations, orthogonal to the hypercharge and localized on
the strong and weak D-brane sets, acquire in general masses of the order of the
string scale from contributions of N = 1 sectors, in agreement with effective
field theory expectations based on 4d anomalies.
2. Such contributions are not sufficient though to make heavy the third U(1)
propagating in the bulk, since the resulting mass terms are localized and sup-
pressed by the volume of the bulk. In order to give string scale mass, one needs
instead N = 2 contributions associated to 6d anomalies along the two large
bulk directions.
3. Special care is needed to guarantee that the hypercharge remains massless
despite the fact that it is anomaly free.
The presence of massive gauge bosons associated to anomalous abelian gauge
symmetries is generic. Their mass is given by M2A ∼ gsM2s , up to a numerical model
dependent factor and is somewhat smaller that the string scale. When the latter is
low, they can affect low energy measurable data, such as g − 2 for leptons [114] and
the ρ-parameter [113], leading to additional bounds on the string scale.
An extension of the model is the introduction of a right-handed neutrino. A
natural candidate state would be an open string ending on the U(1)b brane. Its
charge is then fixed to +2 by the requirement of existence of the single possible
neutrino mass term LHd νR. The suppression of the brane-bulk couplings due to the
wave function of νR would thus provide a natural explanation for the smallness of
neutrino masses.
Coming to the issue of gauge couplings, in this configuration we must take the
U(1)1 brane on top of the weak branes, leading to g1 = g2. The required string scale
is low Ms ∼ O(500) GeV (300-800 GeV, depending on the threshold corrections),
and could account for the stability of the hierarchy.
Models B and B′
Another phenomenologically promising pair of configurations consists of solu-
tions 4 and 9 of Table 2, named hereafter B and B′, which corresponds to the
hypercharge embedding
Y =
2
3
Qc − 1
2
QL +Q1 . (5.3.4)
The spectrum is
Q(3, 2,+1,+1, 0, 0) , uc(3¯, 1,−1, 0, 0, 1) , dc(3¯, 1,−1, 0, 1, 0)
L(1, 2, 0,+1, 0,−1) , ec(1, 1, 0, 0,+1,+1) , νR(1, 1, 0, 0, 0,±2)
Hu(1, 2, 0,−1, 0,−1) , Hd(1, 2, 0,+1,+1, 0)
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Figure 2: Pictorial representation of models B and B′.
for model B, while in B′ ec is replaced by ec(1, 1, 0,−2, 0, 0). The two models are
represented pictorially in Figure 2. The four abelian gauge factors are anomalous.
Proceeding as in the analysis (5.3.2) of models A and A′, the mixed gauge and
gravitational anomalies are
K(B) =


0 1 1
2
1
2
3
2
2 0 −1
2
−3
2
2
3
4
3
11
6
0 8 4 2

 , K(B
′) =


0 1 1
2
1
2
3
2
2 0 −1
2
−3
2
−4
3
1
3
5
6
0 6 3 1

 (5.3.5)
It is easy to see that the only anomaly free combination is the hypercharge (5.3.4)
which survives at low energies. All other abelian gauge factors are anomalous and
will be broken, leaving behind global symmetries. They can be expressed in terms
of the usual SM global symmetries as the following U(1) combinations:
Baryon number B =
1
3
Qc (5.3.6)
Lepton number L = −1
2
(Qc −QL +Q1 +Qb) (5.3.7)
Peccei-Quinn QPQ =
1
2
(−Qc + 3QL +Q1 +Qb) (5.3.8)
The right handed neutrino can also be accommodated as an open string with
both ends on the bulk abelian brane:
νR(1, 1, 0, 0, 0,+2) + ν
c
R(1, 1, 0, 0, 0,−2)
According to the RGE running results of Table 3, there is only one brane con-
figuration, for the models under discussion, that reproduces the weak mixing angle
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at low energies. This consists of placing the U(1)1 brane on the top of the color
branes, so that g1 = g3, which leads to Ms ∼ O(10) TeV (7-17 TeV, depending on
the threshold corrections).
Finally we should stress that the triplication of families, can be obtained by the
mechanisms of branes at singularities [87] or intersecting branes [82]-[84],[88]-[91].
5.4 The quark and lepton mass structure
An important ingredient in the realization of the SM is the structure of the quark
and lepton masses and the associated Yukawa couplings. Although this problem
remains open in the context of D-brane models, several features are evident at this
level. The essential feature is that the Yukawa couplings relevant to fermion masses
are constrained by the various U(1) symmetries and can present interesting patterns.
We will describe below the structure of the masses (and associated Yukawas) for
the heaviest generation in the four low-scale string models of the previous section.
•Model A. The relevant Yukawa couplings compatible with all the gauge sym-
metries are
MA = λuQu
cHu + λdQd
cH†d + λe Le
cH†u + λν LHd νR (5.4.1)
Here, charged leptons and up quarks (of the heaviest generation) obtain masses from
the same Higgs (Hu).
When all Yukawa couplings arise at the lowest (disk) order, it is easy to check
that in the simplest case (absence of discrete selection rules, etc), they satisfy the
following relations:
λu = λe =
√
2g2 , λd =
√
2gs , λν =
√
2gb . (5.4.2)
The central idea behind such relations is that couplings between two or three
different branes scale with the common (intersection) volume.
Consequently the top and bottom quark masses are given by:
mt = g2v sin β ; mb =
√
gsv cos β , (5.4.3)
where tan β = vu/vd, with vu and vd the vacuum expectation values (VEVs) of the
two higgses Hu and Hd, respectively, and v =
√
v2u + v
2
d = 246 GeV. Note that in
the case where the color branes are identified with D3 branes, one has
√
gs = g3, and
in any case gs ≥ g23. Note also that since the string scale in this model is relatively
low, Ms <∼ 1 TeV, there is no much evolution of the low energy couplings from the
electroweak to the string scale. Thus, using the known value of the bottom mass
mb ≃ 4 GeV, one obtains for the top quark mass mt ≃ 162 GeV which is less than
5% below its experimental value mexpt = 174.3 ± 5.1 GeV. In addition, the Higgs
VEV ratio turns out to be large, tanβ ≃ 100. Note that such a large value is not
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in principle problematic as in the supersymmetric case, but it can lead to important
higher order corrections.
On the other hand the τ -mass is of the same order as the top mass, which is
unrealistic. However, there is still the possibility that the lepton Yukawa coupling
λe vanishes to lowest order due to additional string discrete selection rules, and is
generated by a higher dimensional operator of the form Lec(H†uH
†H) providing the
appropriate suppression.3
• Model A’. The Yukawa couplings here are
MA′ = λuQu
cHu + λdQd
cH†d + λe Le
cH†d + λν LHd νR (5.4.4)
with the same relation for the tree-level couplings as in (5.4.2). Using the parametriza-
tion in (5.4.3) we see that the relation of mt to mb is the same as in model A
and the same remarks apply. Since here the lepton and down quark acquire their
masses from the same Higgs, one obtains the phenomenologically interesting relation:
mb/mτ =
√
gs/g2 = g3/g2, when strong interactions are on D3 branes. Thus, from
Table 3, mb/mτ ≃ 1.75 at the (string) unification scale, which is in the upper edge
of the experimentally allowed region at the Z-mass, 1.46 <∼ mb/mτ |exp <∼ 1.75. This
relation could replace the successful GUT prediction mb = mτ of the conventional
unification framework, in low scale string models. In conclusion model A’ seems to
be able to generate the required hierarchy of masses for the third generation.
• Model B. The relevant trilinear Yukawa couplings are,
MB = λuQu
cHu + λdQd
cH†d + λe Le
cH†d + λν LHu νR (5.4.5)
The tree-level Yukawa couplings satisfy
λe = λu =
√
2gs , λd =
√
2g3 , λν =
√
2gb (5.4.6)
and we have
mt =
√
gsv sin β ; mb = g3v cos β . (5.4.7)
The first relation implies again a heavy top, while the bottom to tau mass ratio
is now predicted, with a value mb/mτ = g3/
√
gs <∼ 1 which is apparently far from
its experimental value. However, in this case, the string scale is relatively high and
therefore one should take into account the renormalization group evolution above
the weak scale. Solving the associated RGEs with the boundary conditions (5.4.7)
and assuming g3 =
√
gs, we obtain acceptable mb and mτ masses for Ms ∼ 3 × 103
TeV and tan β ∼ 80. Note that the successful prediction of mb and mτ is related to
the condition mb = mτ at the (string) unification scale, which in the case of non-
supersymmetric Standard Model is obtained at relatively low energies [111, 112].
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Figure 3: Evolution of the ratio mb/mτ as a function of the energy µ for tan β = 2
and tan β = 80. We have used as low energy parameters mb = 4 GeV, mtop = 174 GeV
a3(Mz) = 0.12, sin
2 θW = 0.23113.
Indeed, in Figure 3, we plot the mass ratio mb/mτ as a function of the energy, within
the non supersymmetric Standard Model with two Higgs doublets. Nevertheless, the
resulting value of Ms is still significantly higher than the unification scale required
from the analysis of gauge couplings in section 3. Moreover, the top quark mass turns
out to be rather high, mt ∼ 220 GeV. It is an open question wether this discrepancy
can be attributed to threshold corrections that can be important in the case of two
dimensional bulk [129].
• Model B’. The relevant Higgs couplings are given by
MB′ = λuQu
cHu + λdQd
cH†d + λe Le
cH†u + λν LHu νR (5.4.8)
while the tree-level Yukawa couplings by
λu =
√
2gs , λd =
√
2g3 , λν =
√
2gb and λe =
√
2g2 (5.4.9)
Here, as in model A, the τ and top mass are of the same order and thus in
conflict with experiment. As in model A, vanishing leading order coupling could be
a way out.
In the discussion above we have paid attention to the heaviest generation. How-
ever, an important feature of the SM spectrum is the large hierarchy between the
masses of the different generations. Can this be generated in the models above?
3Models with similar properties have been considered in the past in the perturbative heterotic
string framework.
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A concrete idea in this direction si to generate such a hierarchy by exploiting the
presence of world-sheet (disk) instanton corrections in models where branes intersect
in the internal space [160]. It relies on the fact that the BCFT three-point function
responsible for the Yukawa couplings may have a prefactor coming from world-sheet
instantons, if the relevant fields come from three branes that interest by-two in the
internal space in such way as to create a triangle. Then the open string world-sheet
must wrap this triangle and there is an exponential suppression due to the area of
this triangle in space-time. Adjusting such areas it seem possible that an appropriate
hierarchy of Yukawa couplings can be generated [160].
A further comment is due concerning neutrinos. By now there are stringent
experimental limits in the mass matrix of neutrinos. A natural question is: how
neutrinos with the right properties can be accommodated in D-brane models?
Right-handed neutrinos appear naturally in D-brane models. To generate (small)
masses compatible with experiment, either one will have to wrap the associated
brane around a large cycle, or produce the suppression from world-sheet instantons.
Moreover, there are several possibilities in the neutrino sector.
A minimal possibility is to have a single right-handed neutrino which provides
the mixing along with it KK-descendants. This possibility is rather constrained and
was analyzed in [109]. Since in this case the KK-neutrinos are acting almost as
sterile, there are stringent experimental constraints that indicate that one needs fine
tuning in order that such a possibility to be compatible with data. On the other
hand, if one has one right-handed neutrino per family then a priori there are are no
such strong constraints. It remains however to be seen if there are brane models with
a neutrino mass -matrix compatible with current data.
Ni (n
1
i ,m
1
i ) (n
2
i ,m
2
i ) (n
3
i ,m
3
i )
N3 = 3 (1, 0) (2, 1) (1, 1/2)
N2 = 2 (0,−1) (1, 0) (1, 3/2)
N1 = 1 (1, 3) (1, 0) (0, 1)
N1′ = 1 (1, 0) (0,−1) (1, 3/2)
Table 4: Example of D6-brane wrapping numbers giving rise to the right number of SM
families (from ([90, 91]).
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5.5 The Standard Model structure from intersecting D-branes
We will describe in this section, as an example a non-supersymmetric D-brane model
utilizing intersecting D6-branes that gives the correct spectrum [90, 91].
We will be using the results and notation of section 3.4. The important in-
gredients are four stacks of branes that generate the minimal brane gauge group
U(3) × U(2) × U(1) × U(1)′. We will label the associated stack of branes by the
indices 3, 2, 1, 1′. The hypercharge embedding is given by the possibility (5.2.4)
Y =
1
6
Q3 − 1
2
(Q1 −Q1′) (5.5.1)
To generate the three families of the SM we will need some specific intersection
numbers (defined in (3.4.3)) among the four stacks of branes
I3,2 = 1 ; I3,2∗ = 2
I3,1 = −3 ; I3,1∗ = −3
I2,1′ = 0 ; I2,1′∗ = −3
I1,1′ = −3 ; I1,1′∗ = 3 (5.5.2)
These can be achieved by choosing the wrapping numbers on the three two-tori as
in table 4. A negative number denotes that the corresponding fermions should have
opposite chirality to those with positive intersection number.
Intersection Matter fields Q3 Q2 Q1 Q
′
1 Y
(3,2) QL (3, 2) 1 -1 0 0 1/6
(3,2*) qL 2(3, 2) 1 1 0 0 1/6
(3,1) uR 3(3¯, 1) -1 0 1 0 -2/3
(3,1*) dR 3(3¯, 1) -1 0 -1 0 1/3
(2,1’*) L 3(1, 2) 0 -1 0 -1 -1/2
(1,1’) eR 3(1, 1) 0 0 -1 1 1
(1,1’*) νR 3(1, 1) 0 0 1 1 0
Table 5: Standard model spectrum and U(1) charges (from [90, 91])
The massless fermions living at the intersections are shown in table 5. As we
have argued in section 3.4, due to the orientifold operation one has to include the
D6-branes which are “mirror” under that operation and have the same wrapping
numbers except for a flip in sign for the mia’s. We have denoted the mirror D6-
branes with a star.
All U(1)’s of the model obtain masses except for the hypercharge. Thus, the low
energy gauge group is that of the standard model (SU(3)× SU(2)× Y ).
47
Generic intersecting D6-brane models are non-supersymmetric due to non-trivial
intersections. To each of the intersections there are associated massive scalar fields
which may be considered as “supersymmetric-partners”, squarks and sleptons, of the
massless chiral fermions. They have the same multiplicity |Iij| and carry the same
gauge quantum numbers. The lightest of those states have masses
t1 : α
′(Mass)2 = 12(−ϑ1 + ϑ2 + ϑ3)
t2 : α
′(Mass)2 = 12(ϑ1 − ϑ2 + ϑ3)
t3 : α
′(Mass)2 = 12(ϑ1 + ϑ2 − ϑ3)
(5.5.3)
Here ϑi are the intersection angles (in units of π) at each of the three sub-tori. Thus,
the masses depend on the moduli of the internal torus. Although in principle some
of the scalars could be tachyonic, in general it is possible to vary the compact radii
in order to get rid of all tachyons of a given model [90, 91].
On the D6-branes there is at the tree level, an N = 4 SUSY gauge multiplet
for each of the groups of the SM. It is expected that loop effects involving the fields
at the intersections render the charged SUSY partners of the gauge bosons massive,
with masses of the order of the string scale.
We also have possible Higgs fields coupling to quarks coming in four varieties
with charges under Q2, Q1 and hypercharge given in table 6.
Higgs Q2 Q1 Y
h1 1 -1 1/2
h2 -1 1 -1/2
H1 -1 -1 1/2
H2 1 1 -1/2
Table 6: Electroweak Higgs fields
Such Higgs fields can trigger the electroweak symmetry breaking.
There has been a lot of progress in constructing D-brane models that come
quite close to the SM model. They involve non-supersymmetric intersecting brane
models in a flat space [82]-[84], [88]-[91],[137]-[144] or with a nontrivial internal space
[145]-[151] as well as supersymmetric models, [152]-[158]. The effective low energy
couplings of such models were also investigated [159]-[165]. Although none so far can
be claimed to be fully successful, progress in model building gives promise that fully
realistic string models may be available soon.
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6. Novel realizations of four-dimensional gravity
We will now turn to another ingredient of fundamental interactions namely gravity.
In D-brane constructions, gravity is obtained from the closed string sector and prop-
agates in ten dimensions before compactification. Four-dimensional gravity emerges
at large distance after six dimensions become compact. For future comparison we
will study here the gravitational potential of a 4+n dimensional gravity theory com-
pactified on an n-dimensional torus with (equal) radii R.
V (r, θi) =
∑
ni∈Z
M−2−n
[r2 +R2
∑n
i=1(θi + ni)
2]
n+1
2
(6.1)
Here V is the static gravitational potential of a point source located at r = θi = 0, M
is the (n+4)-dimensional Planck scale, r is the four-dimensional radial distance and
θi, i = 1, 2 · · · , n are angular coordinates on the internal torus with uniform period
1.
• At four-dimensional distances much smaller than the size of the internal torus
gravity is (n+4)-dimensional. The infinite sum in (6.1) is dominated by the ni = 0
term and thus
V ∼ M
−2−n
[r2 +R2
∑n
i=1(θi)
2]
n+1
2
, r << R (6.2)
• On the other hand, for distances much longer than the size of the internal torus
gravity becomes four-dimensional. Upon a Poisson resummation of (6.1) and then
keeping the n˜i = 0 term we obtain
V ∼ 1
(MR)n
M−2
r
, r >> R (6.3)
which gives also the effective four-dimensional Planck scale as M2P = M
2 (MR)n as
expected.
Thus, compactification changes the behavior of gravity in the IR. The charac-
teristic turn-over scale is the compactification scale.
6.1 Randall-Sundrum localization
We describe next an alternative realization of four-dimensional gravity that comes
under the name of RS localization [37]. Recent lectures describing in detail large
dimensions and the RS universe can be found in [166, 167, 168].
We will consider the case of a five-dimensional bulk space with coordinates xM =
(y, xµ), µ = 0, 1, 2, 3. We also consider a three-brane located at y = 0. Apart from
the five-dimensional Einstein term we also have a constant energy density on the
brane, and a constant energy density in the bulk. We can summarize the effective
action as
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S =
∫
dy d4x
√
g [M3 R− Λ]− δ(y)
∫
d4ξ
√
gˆ Vb (6.1.1)
where gˆab is the induced metric on the brane gˆab = gMN
∂xM
∂ξa
∂xN
∂ξb
. We will pick a static
gauge for the brane coordinates ξa = xa. To simplify matters we will also consider
an orbifold structure under y → −y. Thus, the two parts of space-time separated by
the brane are mirror symmetric around the position of the brane.
We would like to solve the equations of motion stemming from the action (6.1.1).
Let us first seek solutions invariant under the orbifold action which are flat along the
brane, and depend only on the fifth-coordinate y.
The ansatz for the five-dimensional metric is
ds2 = e2A(y)dxµdxµ + dy
2 (6.1.2)
In order for the flat-brane ansatz to provide a solution, the two vacuum energies
must be related
V 2b = −12 Λ M3 (6.1.3)
This implies that the bulk vacuum energy Λ must be negative. We will also define
the RS (AdS) energy scale
K = − Λ
Vb
(6.1.4)
The gravitational equations have the solution
A(y) = −K|y| (6.1.5)
The space on the one-side of the brane is a slice of AdS5 patched-up with its mirror
image at y = 0. Indeed defining r = eKy for y > 0 and scaling xµ → xµ/k we obtain
ds2 =
1
K2r2
[dr2 + dxµdxµ] , r ≥ 1 (6.1.6)
which is the r ≥ 1 slice of AdS5 in Poincare´ coordinates with AdS energy scale K.
Note that the orbifold has removed the boundary of AdS5 at r = 0.
An interesting further question concerns the effective interactions mediated by
gravity in this background. To find them we must study the small fluctuations
around this solution [37, 169, 170, 171]. Direct variation of the equations along the
brane longitudinal directions and gauge fixing gives a scalar equation for the static
graviton propagator
M3
[
(−e−2A∇2x − ∂2y − 4A′∂y
]
G(x; y) = δ(3)(x) δ(y) (6.1.7)
where we placed the source on the brane. This can be Fourier transformed along the
xi coordinates obtaining
M3(e−2A~p2 − ∂2y − 4A′∂y] G(~p; y) = δ(y) (6.1.8)
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Changing variables to w = eK|y| we obtain away from y = 0 the solution (imposing
the symmetry G(~p; y) = G(~p;−y)
G(~p; y) = B w2 K2
(wp
K
)
(6.1.9)
where p ≡ |~p| and K2 is the standard Bessel function.
The multiplicative constant B is fixed by the requirement that the solution sat-
isfies the discontinuity condition
∂G(~p, y)
∂y
∣∣∣
y=0+
− ∂G(~p, y)
∂y
∣∣∣
y=0−
= − 1
M3
(6.1.10)
obtained from (6.1.8) by integrating both sides in the interval (−ǫ,+ǫ) and taking
the limit ǫ→ 0. We obtain
B = − 1
2M3
1
2K K2(p/K) + pK ′2(p/K)
(6.1.11)
We may use the identity K ′2(z) + 2K2(z)/z = −K1(z) to rewrite
B =
1
2M3 p K1
(
p
K
) (6.1.12)
We can now investigate the force mediated by the graviton fluctuations on the
brane by evaluating
G(~p, 0) =
1
2M3 p
K2
(
p
K
)
K1
(
p
K
) (6.1.13)
The static gravitational potential between two unit sources on the brane (upon trans-
forming back to configuration space) becomes
V (r) =
1
2π2 r
∫ ∞
0
pdp sin(pr) G(~p; 0) (6.1.14)
=
1
4π
K
M3
1
r
+ δV (r)
with
δV (r) =
1
4π
K
M3 r
∫ ∞
0
dq
K0 (q)
K1 (q)
sin(qr) (6.1.15)
where here r2 = ~x2 the spatial distance on the brane, not to be confused with radial
coordinate of AdS5 space in (6.1.6). To obtain the second equality above, we used
the identity K2(z) = 2K1(z)/z +K0(z).
For q →∞ the ratio K0(q)/K1(q)→ 1 and the integral in (6.1.15) reduces to the
ill-defined integral of sin q over the positive real axis. In order to evaluate (6.1.15)
we multiply the integrand by e−ζq, perform the integration and then take the limit
ζ → 0. The integral depends on the class of regulators (see [172] for a discussion).
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For Kr ≫ 1, the strongly oscillatory behavior of sin(qKr) results in a negligible
contribution to the integral from large q. This means that we can employ the expan-
sion of the Bessel functions for small q: K0(p˜)/K1(p˜) = −p˜ log p˜+ · · · . We obtain in
this regime [37]
δV (r) ≃ 1
8π
1
M3K
1
r3
. (6.1.16)
We thus reproduce the leading and sub-leading behavior of the potential at long
distances in the RS setup.
V (r) =
1
4π
K
M3 r
[
1 +
1
2
1
K2r2
+O
(
1
K4r4
)]
, Kr >> 1 (6.1.17)
Thus, at long distances gravity is four-dimensional (with sub-leading corrections).
The effective four dimensional Planck scale reads M2P =M
3/K.
For Kr ≪ 1 the main contribution to the integral comes from large q, for which
K0(q)/K1(q) = 1. We find
δV (r) ≃ 1
4π2
1
M3
1
r2
. (6.1.18)
so that the total potential is
V (r) =
1
4π2 M3 r2
[
1 + π Kr +O(K2r2 log r)] , Kr << 1 (6.1.19)
Thus, at short distances gravity is five-dimensional [173, 172]. This is completely
analogous to compactification with radius 1/K. The RS setup is thus an alternative
mechanism to compactification for transforming five-dimensional gravity into four-
dimensional at large distances.
We have neglected the scalar part of the fluctuations. This will give an extra
interaction. For such an interaction to be unobservable, the extra scalar mode (the
radion) should acquire a mass of the order of an eV or more.
6.2 Brane Induced Gravity
We now describe an alternative realization of four-dimensional gravity that comes
under the name of Brane Induced Gravity (BIG)[51]-[55]. The idea of induced gravity
has a long history [174]. The context here is however different since gravity is induced
on a brane (in general a submanifold of space-time) rather than the full space-time.
We consider first the simplest case of a five-dimensional bulk with coordinates
y, xµ, µ = 0, 1, 2, 3. We also consider a three-brane located at y = 0. Apart from the
five-dimensional Einstein term we would like to study the effects of a four-dimensional
Einstein term localized on the brane. The presence of such an (induced) term will
be motivated below.
The relevant action is
S = M3
∫
dy d4x
√
g R + δ(y)M3rc
∫
d4ξ
√
gˆ Rˆ (6.2.1)
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where gˆµν is the induced metric on the brane and Rˆ the induced Ricci scalar. We also
parameterized the coefficient of the four-dimensional term in terms of a new length
scale rc.
We are interested in the gravitational interaction, generated by the action (6.2.1),
as perceived on the brane. We will evaluate first the static propagator of (6.2.1).
Although there is interesting physics in the tensor structure, we will neglect it for
the moment and consider instead the scalar propagator. Placing the source on the
brane (at the origin) we must solve
M3(∇23 + ∂2y + rc δ(y)∇23)G(~x; y) = −δ(y)δ(3)(x) (6.2.2)
Fourier transforming in the 3-spatial coordinates ~x we obtain
M3(~p2 − ∂2y + rc δ(y) ~p2)G(~p; y) = δ(z) (6.2.3)
The solution can be found by first solving the equations away from the position of
the brane, and then matching along y = 0. The result is
G(~p; y) =
e−|~p| |y|
M3(2|~p|+ rc ~p2) (6.2.4)
For the source and the probe being on the brane y = 0 the static propagator becomes
G(~p; 0) =
1
M3(2|~p|+ rc ~p2) (6.2.5)
By Fourier transforming back we obtain the static gravitational potential
V (r) =
1
2π2r
∫ ∞
0
dp p sin pr G(~p; 0). (6.2.6)
where we have set p ≡ |~p| for simplicity.
We are now ready to study the behavior of the gravitational force in various
regimes.
• Long distances: p << 1/rc. Then the propagator and the potential can be
approximated as
G ∼ 1
2M3p
, V (r) ∼ 1
M3 r2
(6.2.7)
This is the behavior of five-dimensional gravity with Planck scale M .
• Short distances: p >> 1/rc. We obtain in this case
G ∼ 1
M3 rc p
, V (r) ∼ 1
M3 rc r
(6.2.8)
This is the behavior of four-dimensional gravity with effective Planck scale M2P =
M3 rc.
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We have thus a situation which is inverted with respect to normal compactifica-
tion: four-dimensional gravity at short distance and five dimensional gravity at long
distance.
If this mechanism is to play a role in realistic situations, we must tackle an imme-
diate problem: we know from table-top to solar system to cosmological observations
that gravity is four-dimensional on length scales ranging from 100 µm to 1026 m. In
view of this there are two possibilities:
(a) The length scale rc is cosmologically large. We will comment below on
whether this possibility can be realized in a concrete theory.
(b) The theory must also include another mechanism that forces four-dimensional
gravity at long distances. For example, the extra coordinate y can be compact with
radius R.
We will now examine these two possibilities in turn.
(a) Branes appearing in superstring theories are the best controlled candidates
for the (solitonic) branes we are considering. However, such branes have no tree level
induced term4. We do expect though that branes with localized degrees of freedom
on them will develop a localized induced gravity term due to quantum corrections. In
fact in any theory, one-loop diagrams of matter fields generate a quadratically diver-
gent correction to the Einstein term (in four dimensions). Although this calculation
is tricky 5 we expect that the coefficient of the induced four-dimensional Einstein
term due to a given particle going around in the loop is given by ζ Λ2 where Λ is
an ultraviolet cutoff and ζ depends on the particle. If we regularize using the heat
kernel method, a scalar contributes 1
6
− ξ where ξ is the conformal coupling, a Weyl
fermion contributes −1
6
, a massless vector −2
3
[174]. However, the individual contri-
butions as calculated in string theory, (where the generic cutoff is Ms) are different
[177, 179, 180]. Such a discrepancy in gravitational contributions has been noticed
before [66]. We are bound to conclude that the only reliable method to calculate
such corrections is given by string theory, as other regularizations are partial, and
do not imply global consistency of the gravitational theory.
In string theory, UV finiteness indicates that typically (in the absence of large
values for the moduli) the one-loop correction, when non-zero, is proportional to
M2s . However, KK states can transform this contribution so that it becomes moduli
dependent.
In heterotic string theory and asymmetric type II vacua , such corrections are zero
for N ≥ 1 supersymmetry [176, 177, 178]. In symmetric type II vacua corrections are
non-zero for N ≤ 2 supersymmetry [177]. In particular, for CY compactifications,
the correction is non-zero at one-loop only and is proportional to the Euler number
4Such a term can appear in D-branes of bosonic string theory [175] but its effects are masked
by stringy effects. They are not visible macroscopically.
5The only gauge invariant regularization of gravity at one-loop is dimensional regularization,
which is not sensitive to quadratic divergences.
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[179, 180, 181]. In type-I/orientifold vacua there are non-zero one-loop induced terms
on D-branes when N ≤ 2 [182, 183].
It is in principle conceivable that the induced term can be large (the transition
scale rc is large). We can imagine for example a D-brane wrapping a small cycle [183]
or a non-compact CY with an astronomical Euler number (that does not seem to be
forbidden by geometric considerations) or a large N ZN non-compact orbifold [184].
It is not obvious that this will be stable in the absence of supersymmetry. Thus, at
this point a parametrically large rc which is stable against radiative corrections in
the absence of supersymmetry is at the speculative level.
(b) Here we have two possible contexts depending on the relation between the
induced gravity scale rc and the compactification scale R.
• rc >> R. In this case gravity is four-dimensional at all distance scales. The
four-dimensional Planck constant is M2P = M
3 rc, independent of the compactifica-
tion radius.
• rc << R Here gravity is four-dimensional at length scales much larger than R
or much smaller than rc. For length scales in between, rc << l << R gravity is five
dimensional. The effective four-dimensional Planck mass for l >> R is M2P =M
3 R
while for l << rc, M
2
P =M
3 rc.
A relevant question in case (b) is: if we need compactification why worry about
BIG. The answer rests in the special properties of the coupling of graviton KK states
to the brane. To understand this, consider a standard compactification with radius
R. An important process is the emission of the KK states of the graviton from the
brane fields. At energies small compared to the KK masses, ∼ 1/R, such emission
is suppressed for kinematical reasons. On the other hand at energies >> 1/R this
emission is important, and energy is flowing from the brane to the bulk. Such
processing place stringent constraints on brane-models. In order for example that
the energy loss from supernovae is compatible with data an upper bound can be put
on R.
This behavior can be understood intuitively as follows: In the regime of four-
dimensional gravity l >> R (or E << 1/R) gravitons cannot easily leave the brane
(otherwise gravity would have been higher-dimensional), and their emission is sup-
pressed. In the opposite regime, l << R (or E >> 1/R) gravity is higher-dimensional
and graviton emission in the bulk is unsuppressed. This intuition is applicable in
more general circumstances as we will see below.
Let us now return to case (b), namely the combination of compactification with
BIG. Since BIG is dominating in the UV, it suppresses the emission of KK gravi-
tons in that regime, that would have been otherwise unsuppressed. A calculation of
the value of the wave-function of graviton KK states of mass m, in this case gives
|φm(0)|2 ∼ (4 +m2r2c )−1 [185]. This value is the classical coupling constant, control-
ling the emission of the KK states. It is obvious that it is suppressed (compared to
the toroidal case rc = 0), for masses (energies) >> 1/rc. This eases quite a bit the
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phenomenological constraints of such models, and greatly affects the early cosmology.
To indicate the effect of BIG, we quote that a five-to-four dimensional compact-
ification with R = 1016 m and R/rc ∼ 10−4 would not be in conflict with today’s
experimental data, [185]. Thus, a new dimension the size of the solar system would
have been invisible!
We will now investigate BIG when there are n > 1 transverse dimensions to the
3-brane since this case is qualitatively different.
We start again from the simplified action
S =Mn+2
∫
dny d4x
√
g R + δ(n)(y)Mn+2rnc
∫
d4ξ
√
gˆ Rˆ (6.2.9)
The equation for the scalar propagator in this case is
Mn+2(∇2x +∇2y + rnc δ(n)(y)∇2x)G(~x; ~y) = −δ(n)(y)δ(3)(x) (6.2.10)
Fourier transforming with respect to ~x we obtain
Mn+2(~p2 −∇2y + rnc δ(n)(y)~p2)G(~p; ~y) = δ(n)(y) (6.2.11)
Going through the same steps as before we can evaluate the propagator on the brane
to be
G(~p; ~y = ~0) =
Dn(~p;~0)
Mn+2
[
1 + rnc ~p
2 Dn(~p;~0)
] (6.2.12)
with
Dn(~p; ~y) =
∫
dnq
ei~q·~y
~p2 + ~q2
(6.2.13)
In this case, since n ≥ 2, Dn is UV divergent and thus infinite. We then obtain
that G(~p; ~y = ~0) = 1/(Mn+2rnc p
2) which indicates four-dimensional behavior at all
distances. The bulk term is completely diluted when n ≥ 2. This however, is due to
the zero thickness of the brane. We can introduce an analog of finite thickness by
cutting off Dn in the UV,
Dn(~p; ~y; Λ) =
∫ Λ
0
qn−1dq dΩn−1
ei~q·~y
~p2 + ~q2
(6.2.14)
To see the effects of the brane thickness we will analyse the case n = 4 for which
D4(~p;~0; Λ) = Λ
2 − p2 log Λ
2 + p2
p2
+O
(
1
Λ2
)
(6.2.15)
so that the propagator becomes
G(~p;~0) ≃ Λ
2
M6(1 + r4cΛ
2 p2)
≃ 1
M6r4c
[
p2 + 1
Λ2r4c
] (6.2.16)
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We thus see that at distances Λ−1 << l << Λr2c , gravity is four-dimensional.
On the other hand at large distances l >> Λr2c gravity is screened and the graviton
has an effective mass [183].
Even at codimension one, a brane-thickness w affects the gravitational interac-
tion. It can be shown that for distances shorter than
√
wrc the equivalence principle
breaks down unless the theory is fine tuned [183, 186].
So far we have neglected the tensor structure of gravity. This can be taken into
account and problems may arise from the scalar component of the higher-dimensional
graviton. It can be shown that there is no vDVZ discontinuity in this case [188]-[190].
However, a new threshold scale appears where the linearized theory breaks down since
the scalar graviton interactions become non-perturbative, [191, 192], although there
is no consensus yet on the dependence of this scale on the four- and five-dimensional
Planck scale. Further work in this direction can be found in [193]-[207].
6.3 Randall-Sundrum meets Brane-Induced Gravity
In this subsection we will investigate what happens when both mechanisms (RS+BIG)
are at work simultaneously.
The relevant effective action now is (6.1.1) with the addition of the four-dimensional
Einstein term localized on the brane.
S =
∫
dy d4x
√
g [M3 R− Λ] + δ(y)
∫
d4ξ
√
gˆ
[
M3 rc Rˆ− Vb
]
(6.3.1)
We will again solve the equations of motion stemming from the action (6.3.1).
The crucial observation here is that since the RS solution is flat on the brane, it is
not affected by the presence of the localized Einstein term. Thus with
V 2b = −12 Λ M3 (6.3.2)
the solution (6.1.2,6.1.5) is still valid.
Now the equation for the static (scalar) graviton propagator is modified to
M3
[
(−e−2A∇2x − ∂2y − 4A′∂y − rcδ(y) ∇2x
]
G(x; y) = δ(3)(x) δ(y) (6.3.3)
This can be Fourier-transformed along the xi coordinates obtaining
M3(e−2Ap2 − ∂2y − 4A′∂y + rcδ(y)p2] G(~p; y) = δ(y) (6.3.4)
Changing again variables to w = eK|y| we obtain away from y = 0 the solution
(imposing the symmetry G(~p; y) = G(~p;−y)
G(~p; y) = B w2 K2
(wp
K
)
(6.3.5)
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The multiplicative constant B is fixed by the requirement on the solution to
satisfy the discontinuity condition (6.1.10) from which we obtain
B =
1
M3 p
[
2K1
(
p
K
)
+ rc p K2
(
p
K
)] (6.3.6)
We investigate the force mediated by the graviton fluctuations on the brane by
evaluating
G(~p, 0) =
1
M3p
K2
(
p
K
)
2K1
(
p
K
)
+ rc p K2
(
p
K
) (6.3.7)
The nature of the force can be directly discerned in momentum space. We have
the following limits
for p≪ K, G(p, z = 0) ≃ 1
M3
(
rc +
1
K
)
p2
, (6.3.8)
for p≫ K, G(p, z = 0) ≃ 1
M3 (rcp2 + 2p)
. (6.3.9)
We shall distinguish two separate cases:
(a)Strong BIG, Krc ≫ 1: Both for p ≪ K, as well as for p ≫ K we have
G−1 ≃ M3rcp2. Thus we expect four-dimensional behavior ∼ 1/r for the potential
at all distances on the brane, with an effective Planck constant M2P l ≃ M3rc. The
leading corrections to V (r) can also be evaluated by employing the full propagator
[172].
(b)Weak BIG Krc ≪ 1: For p ≪ K, we have G−1 ≃ M3p2/K. We find
that at large distances (r ≫ 1/K) the potential displays four-dimensional behavior
with M˜2P ≃ M3/K, as in the standard RS scenario. For k ≪ p ≪ 1/rc, we have
G−1 ≃ 2M3p. Thus, for distances rc ≪ r ≪ 1/K we find a five-dimensional behavior
∼ 1/r2 for the potential. This is in agreement with the direct evaluation of the
potential for rc = 0. Finally, for p≫ 1/rc, G−1 ≃M3rcp2. At short distances r ≪ rc
the behavior becomes again four-dimensional ∼ 1/r, with M2P ≃M3rc.
To summarize, the four-dimensional Einstein term induced quantum mechan-
ically on the 3-brane affects considerably the gravitational interactions. Specifi-
cally, the gravitational potential on the brane exhibits the four-dimensional behavior
V (r) ∼ 1/r at all scales except in the intermediate region rc ≪ r ≪ 1/K, in which it
is effectively five-dimensional and given by V (r) ∼ 1/r2. Furthermore, for Krc ≪ 1
the strength of the gravitational interaction, i.e. the value of the effective MP l,
depends on the distance between the interacting masses. It is stronger for short
distances, the ratio of its value for r ≪ rc to the one for large r ≫ 1/K being equal
to Krc.
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6.4 Graviton emission in the bulk and brane energy-loss
The KK spectrum of gravitons in the case of four-dimensional gravity descending
from five dimensions via a combination of the RS and BIG mechanisms plays an im-
portant role in the physics. We naively expect that in energy regions where gravity is
four-dimensional on the brane, KK emission will be suppressed. In the opposite case
of regions of five-dimensional gravity, we expect that KK emission will be significant.
We will show that this picture is correct.
We will ignore as before the tensor structure of the metric and denote by Φ(xα, z)
its small fluctuation field around the background (6.1.2,6.1.5). More details can be
found in [172]. The equation of motion at the linearized level is
M3
[ 1√−g∂µ(√−ggµν∂ν) + rc√−gˆ ∂α(
√
−gˆgˆαβ∂β)
]
Φ(xα, z) = 0. (6.4.1)
As suggested by the symmetries of the background, we look for solutions in the form
Φ(xα, z) =
∑
n φn(z)σn(x
α), where the σn(x
α) satisfy the four-dimensional Klein-
Gordon equation (∂α∂α + m
2
n)σn = 0. Using this in (6.4.1), one is led to the field
equation (
∂2z + e
−2Am2n + 4A
′∂z + rcδ(z)m2n
)
φn(z) = 0 (6.4.2)
for the mode function φn(z).
The zero mode, (the solution corresponding to m2 = 0), is not affected by the
presence of the term proportional to rc and consequently is identical to the one in
reference [37].
The KK modes, analogous to those of [37], are defined as ψn = exp(3A/2)φn.
For A(z) = −K|z| eq. (6.4.2) gives (for simplicity we omit the index n from mn and
ψn)
ψ(z) = N(m˜)w1/2
[
Y2(m˜w) + F (m˜) J2(m˜w)
]
, (6.4.3)
with w ≡ exp(K|z|), m˜ = m/K. The constant F (m˜) is fixed by the discontinuity in
∂zφ(0) due to the presence of the δ-function
F (m˜) = −2Y1(m˜) + r˜cm˜Y2(m˜)
2J1(m˜) + r˜cm˜J2(m˜)
, (6.4.4)
with r˜c = rcK.
For w →∞ the KK modes become approximate plane waves
ψ(w) ≃ N(m˜)
√
2
πm˜
[
sin
(
m˜w − 5
4
π
)
+ F (m˜) cos
(
m˜w − 5
4
π
)]
≃ N(m˜)
√
2 (1 + F 2(m˜))
πm˜
sin
(
m˜w − 5
4
π + β(m˜)
)
, (6.4.5)
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with β = arctanF . As a result, for a non-compact fifth dimension, the KK modes
have a continuous spectrum and their normalization is approximately that of plane
waves
N(m˜) ∼
√
m˜
1 + F 2(m˜)
, (6.4.6)
where we have neglected factors of order 1. The strength of the interaction of the
KK graviton modes with the other fields on the brane is determined by the square
of their wave-function at the position z = 0 of the brane. We find
ψ(z = 0) ∼
√
m˜
1 + F 2(m˜)
[Y2(m˜) + F (m˜) J2(m˜)] . (6.4.7)
A careful examination of the low energy effective action reveals the presence
of an additional suppression factor. The second term in the action (6.3.1) results
in a non-canonical kinetic term for the fields σn(x
α). In order to render this term
canonical we must absorb a factor (1+ r˜c|ψ(0)|2)1/2 into the redefinition of the fields.
After the KK kinetic terms have been properly normalized, the coupling of the
KK modes to matter on the brane is given by
√
k/M3. This coupling is squared in
the calculation of quantities such as KK mode production rates etc. It is also accom-
panied by the integration over all KK states with a plane-wave measure dm/k. As a
result, the combination dm/M3 appears in all the estimates of KK mode production
in the following.
For m˜≪ 1 eq. (6.4.7) gives
ψ(z = 0) ∼
√
m˜
1 + r˜c
. (6.4.8)
We thus recover the suppression ∼√m/K of the standard Randall-Sundrum model,
which is further enhanced for large Krc.
For m˜≫ 1, on the other hand, we find
ψ(z = 0) ∼ sin
[
arctan
(
r˜cm˜
2
)
− π
2
]
. (6.4.9)
For m≫ 1/rc there is a significant suppression factor ∼ 1/(mrc), while for m≪ 1/rc
the wave-function on the brane is unsuppressed of order 1.
As we will show next, these results are consistent with our naive expectation and,
in addition, crucial to clarify the origin of the behavior of the effective gravitational
interaction on the brane. We will again separate the two different cases: (a) Strong
BIG, Krc ≫ 1, where gravity was found to be four-dimensional at all distances; (b)
Weak BIG, Krc ≪ 1, where gravity again behaves as in four dimensions, except in
the intermediate range (K, 1/rc) where it is five-dimensional.
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(a) Strong BIG Krc ≫ 1:
The wave function scales as
ψ(0) ∼


√
m
r2cK
3 =
1
Krc
√
m
K
m <∼ K
1
mrc
= 1
Krc
K
m
, m >∼ K.
(6.4.10)
Thus, the gravitational potential is dominated by the exchange of the zero mode
and falls off ∼ 1/r for all r. The effective squared Planck constant isM3(rc+1/K) ≃
M3rc.
(b) Weak BIG Krc ≪ 1: The wave-function here scales as
ψ(0) ∼


√
m
K
m <∼ K
1, K <∼ m <∼ 1/rc,
1
mrc
, m >∼ 1/rc.
(6.4.11)
i) For r >∼ 1/K the corrections to the four-dimensional potential are dominated
by modes with m <∼ K because the contribution of modes with m >∼ K is exponen-
tially suppressed. The contribution of massive modes is negligible relative to that
of the zero mode. Thus we expect a fall-off ∼ 1/r with a squared Planck constant
M3(rc + 1/K) ≃M3/K.
ii) For rc <∼ r <∼ 1/K only the modes with m <∼ 1/rc contribute significantly.
Those with K <∼ m <∼ 1/rc generate a term in the potential
δV (r) ∼ 1
M3
∫ 1/rc
K
dm
e−mr
r
ψ2(0) ∼ 1
M3
∫ 1/rc
K
dm
e−mr
r
≃ 1
M3r2
. (6.4.12)
This contribution is much larger than those from the modes with m <∼ K and the
zero mode. For example the modes with m <∼ K give
δV (r) ∼ 1
M3
∫ K
0
dm
e−mr
r
m
K
≃ K
M3r
. (6.4.13)
Thus, for distances rc <∼ r <∼ 1/K we expect five-dimensional behavior ∼ 1/r2 for
the potential.
iii) Finally, at short distances r <∼ rc the modes withm >∼ 1/rc give a contribution
δV1(r) ∼ 1
M3
∫ ∞
1/rc
dm
e−mr
r
1
m2r2c
≃ 1
M3rcr
. (6.4.14)
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Those with 1/rc >∼ m >∼ K give
δV2(r) ∼ 1
M3
∫ 1/rc
K
dm
e−mr
r
≃ 1
M3rcr
. (6.4.15)
These dominate over the contribution of the zero mode, as well as of the modes
with m <∼ K. Thus, the potential obtains again the four-dimensional form ∼ 1/r,
with a squared Planck constant M3rc. It is remarkable that this behavior is not
due to the zero mode, as one might have guessed, but instead it is attributed to the
exchange of massive modes with masses m >∼ K. Similar behavior was also observed
in [51]-[55],[208].
7. The brane-universe and its cosmology
There several ways of studying the cosmology of a brane-universe that depend largely
on the formalism that describes the brane dynamics and its interaction with the bulk.
There is the RS description [37, 36], appropriate from gravitating branes, that has
the advantage of simplicity since many of the intricacies of the UV description are
truncated. There is the probe description (mirage cosmology, [41]) which uses the
DBI action to study the brane-geodesics in bulk geometries. Finally there is the
BCFT description of D-branes, which for cosmological backgrounds is in its infancy
and will not be treated here.
7.1 Brane cosmological evolution in the Randall-Sundrum paradigm.
The RS context was described (in the static case) in section 6.1. Here we will allow
the brane metric to depend also on time, in order to derive effective equations for
the associated cosmology.
Thus, the model is described by the five-dimensional action
S =
∫
d5x
√−g (M3R− Λ + LmatB )+
∫
d4x
√
−gˆ (−V + Lmatb ) , (7.1.1)
where R is the curvature scalar of the five-dimensional metric gAB, A, B = 0, 1, 2, 3, 5,
Λ is the bulk cosmological constant, and gˆαβ, with α, β = 0, 1, 2, 3, is the induced
metric on the 3-brane. We identify (x, z) with (x,−z), where z ≡ x5. However, fol-
lowing the conventions of [37] we extend the bulk integration over the entire interval
(−∞,∞). The quantity V includes the brane tension as well as quantum contri-
butions to the four-dimensional cosmological constant. We have added an arbitrary
matter action on the brane, as well as in the bulk for future convenience.
We consider the following cosmological ansatz for the metric
ds2 = −n2(t, z)dt2 + a2(t, z)γijdxidxj + b2(t, z)dz2, (7.1.2)
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where γij is a maximally symmetric 3-dimensional metric. We use k˜ to parameterize
the spatial curvature.
The non-zero components of the five-dimensional Einstein tensor are
G00 = 3
{
a˙
a
(
a˙
a
+
b˙
b
)
− n
2
b2
(
a′′
a
+
a′
a
(
a′
a
− b
′
b
))
+ k˜
n2
a2
}
, (7.1.3)
Gij =
a2
b2
γij
{
a′
a
(
a′
a
+ 2
n′
n
)
− b
′
b
(
n′
n
+ 2
a′
a
)
+ 2
a′′
a
+
n′′
n
}
+
a2
n2
γij
{
a˙
a
(
− a˙
a
+ 2
n˙
n
)
− 2 a¨
a
+
b˙
b
(
−2 a˙
a
+
n˙
n
)
− b¨
b
}
− k˜γij , (7.1.4)
G05 = 3
(
n′
n
a˙
a
+
a′
a
b˙
b
− a˙
′
a
)
, (7.1.5)
G55 = 3
{
a′
a
(
a′
a
+
n′
n
)
− b
2
n2
(
a˙
a
(
a˙
a
− n˙
n
)
+
a¨
a
)
− k˜ b
2
a2
}
. (7.1.6)
Primes indicate derivatives with respect to z, while dots derivatives with respect to
t.
The five-dimensional Einstein equations take the usual form
GAC =
1
2M3
TAC , (7.1.7)
where TAC denotes the total energy-momentum tensor.
Assuming a perfect fluid on the brane and, possibly an additional energy-momentum
TAC |m,B in the bulk, we write
TAC = T
A
C
∣∣
v,b
+ TAC
∣∣
m,b
+ TAC
∣∣
v,B
+ TAC
∣∣
m,B
(7.1.8)
TAC
∣∣
v,b
=
δ(z)
b
diag(−V,−V,−V,−V, 0) (7.1.9)
TAC
∣∣
v,B
= diag(−Λ,−Λ,−Λ,−Λ,−Λ) (7.1.10)
TAC
∣∣
m,b
=
δ(z)
b
diag(−ρ˜, p˜, p˜, p˜, 0), (7.1.11)
where ρ˜ and p˜ are the energy density and pressure on the brane, respectively. The
behavior of TAC |m,B is in general complicated in the presence of flows, but we will not
specify it further at this point.
We wish to solve the Einstein equations at the location of the brane following
[38]-[40]. We indicate by the subscript o the value of various quantities on the brane.
Integrating equations (7.1.3), (7.1.4) with respect to z around z = 0, enforcing also
the Z2 symmetry, gives the jump conditions
a′o+ = −a′o− = −
1
12M3
boao (V + ρ˜) (7.1.12)
n′o+ = −n′o− =
1
12M3
bono (−V + 2ρ˜+ 3p˜) . (7.1.13)
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The other two Einstein equations (7.1.5), (7.1.6) give
n′o
no
a˙o
ao
+
a′o
ao
b˙o
bo
− a˙
′
o
ao
=
1
6M3
T05 (7.1.14)
a′o
ao
(
a′o
ao
+
n′o
no
)
− b
2
o
n2o
(
a˙o
ao
(
a˙o
ao
− n˙o
no
)
+
a¨o
ao
)
− k˜ b
2
o
a2o
= − 1
6M3
Λb2o+
1
6M3
T55, (7.1.15)
where T05, T55 are the 05 and 55 components of TAC |m,B evaluated on the brane.
Substituting (7.1.12), (7.1.13) in equations (7.1.14), (7.1.15) one obtains
˙˜ρ+ 3
a˙o
ao
(ρ˜+ p˜) = −2n
2
o
bo
T 05 (7.1.16)
1
n2o
(
a¨o
ao
+
(
a˙o
ao
)2
− a˙o
ao
n˙o
no
)
+
k˜
a2o
=
1
6M3
(
Λ +
1
12M3
V 2
)
− 1
144M6
(V (3p˜− ρ˜) + ρ˜(3p˜+ ρ))− 1
6M3
T 55. (7.1.17)
In the model that reduces to the Randall-Sundrum vacuum [37] in the absence
of matter, the first term on the right hand side of equation (7.1.17) vanishes. This is
the effective cosmological constant on the brane. A new mass scale K may be defined
through the relations V = −Λ/K = 12M3K. This is the inverse characteristic length
scale of AdS. Sometimes, we may keep the effective cosmological constant non-zero.
At this point we find it convenient to employ a coordinate frame in which
bo = no = 1 in the above equations. This can be achieved by using Gauss nor-
mal coordinates with b(t, z) = 1, and by going to the temporal gauge on the brane
with no = 1. The assumptions for the form of the energy-momentum tensor are
then specific to this frame. Using β ≡ M−6/144 and γ ≡ VM−6/144, and omitting
the subscript o for convenience in the following, we rewrite equations (7.1.16) and
(7.1.17) in the equivalent first order form
˙˜ρ+ 3(1 + w)
a˙
a
ρ˜ = −T˜ , a˙
2
a2
= βρ˜2 + 2γ(ρ˜+ χ˜)− k˜
a2
+ λ˜ (7.1.18)
˙˜χ+ 4
a˙
a
χ˜ =
(
β
γ
ρ˜+ 1
)
T˜ − 1
6γ M3
a˙
a
T 55, (7.1.19)
where p˜ = wρ˜, T˜ = 2T 05 is the discontinuity of the zero-five component of the bulk
energy-momentum tensor, and λ˜ = (Λ+ V 2/12M3)/12M3 the effective cosmological
constant on the brane.
In the equations above, Eq. (7.1.18) is the definition of the auxiliary density χ˜.
With this definition, the other two equations are equivalent to the original system
(7.1.16,7.1.17).
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At this point we will specialize to the pure RS cosmology where the only field
that lives in the bulk is the metric, and thus T˜ = T 55 = 0. Then the cosmological
equations on the brane (7.1.18), (7.1.19) become
˙˜ρ+ 3(1 + w)
a˙
a
ρ˜ = 0 , ˙˜χ+ 4
a˙
a
χ˜ = 0 (7.1.20)
a˙2
a2
= βρ˜2 + 2γ(ρ˜+ χ˜)− k˜
a2
+ λ˜ (7.1.21)
We define the dimensionless quantities
ρ =
ρ˜
2M3K
, χ =
χ˜
2M3K
, λ = 144
λ˜
K2
=
12Λ
M3K2
+ 1 (7.1.22)
as well as a rescaled cosmological time τ = K t/6. The combination k˜/K2 is then
dimensionless and by scaling a we can set it to k = 0,±1. Then the cosmological
equations become
ρ˙+ 3(1 + w)
a˙
a
ρ = 0 , χ˙+ 4
a˙
a
χ = 0 (7.1.23)
a˙2
a2
= ρ2 + ρ+ χ− k
a2
+ λ (7.1.24)
where now dots stand for derivatives with respect to τ .
There are two effective energy densities that drive the cosmological evolution
on the brane. The first, ρ, is the localized energy density on the brane, and it is
conserved. The second, χ behaves like radiation, and although it affects the cosmo-
logical evolution on the brane, it is rooted in the bulk dynamics. It is the projection
on the brane, of the bulk Weyl tensor [209]. It is an example of a ”mirage” energy
density. It is also known as dark radiation.
An extra ingredient of the cosmological evolution is the ρ2 term in the effective
Friedman equation.
For ρ << 1 which in dimensionfull units amounts to the localized energy density
being negligible compared to the brane tension, ρ˜ << V , the ρ2 term can be neglected
and the cosmological evolution is four-dimensional , with only extra ingredient the
mirage radiation term.
However, for ρ >> 1 the ρ2 term dominates and the evolution is different H ∼ ρ,
and the universe slows down. This ”five-dimensional” region is analogous to the
short-distance region in the static RS case in section 6.1.
There a complementary way of looking at this cosmological evolution [210] that
is related to the one above by a change of coordinates. In this case the bulk metric
is that of a Schwartzild-AdS black-hole in five dimensions, while now the brane is
moving in a geodesic. This is in fact very similar to the mirage cosmology idea to be
discussed in a subsequent section.
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7.2 How Brane-induced gravity affects the cosmological evolution
The Friedman equations for the RS cosmology, [38]-[40], as modified by the induced
Einstein term, were derived in [211, 212]. The cosmology has been analyzed in
different contexts in [230, 231, 172].
We add an induced Einstein term M3rc
∫
d4ξ
√
gˆ Rˆ to (7.1.1). The equation
(7.1.7) is modified by a localized (four-dimensional) Einstein tensor on the right
hand side. This changes the Israel (jump) conditions (7.1.12,7.1.13) to
a′o+ = −a′o− = −
1
12M3
boao (V + ρ˜) +
rc
2
aobo
n2o
(
a˙2o
a2o
+ k
n2o
a2o
)
(7.2.1)
n′o+ = −n′o− =
bono
12M3
(2ρ˜+ 3p˜− V ) + rcbo
2no
(
2
a¨o
ao
− a˙
2
o
a2o
− 2 a˙on˙o
aono
− kn
2
o
a2o
)
(7.2.2)
Using (7.2.1,7.2.2) in the 05 and 55 equations, integrating once, and solving the
quadratic equation for H2 we obtain
r2c
2
(
H2 +
k
a2
)
= 1+
rc
12M3
(ρ˜+ V )+ ǫ
√
1 +
rc
6M3
(ρ˜+ V )− r
2
c
12M3
Λ− r2cχ. (7.2.3)
where χ is the mirage radiation density related to the value of the five-dimensional
Weyl tensor, and ǫ = ±1 defining two possible branches in the solution.
For simplicity, we shall assume for the time being, that there in no significant
flow of energy out of the brane through the decay of brane matter into KK modes of
the graviton 6. Under this assumption, the energy density ρb on the brane satisfies
the conservation equation
˙˜ρ = −3H(ρ˜+ p˜). (7.2.4)
We are studying here the effects induced by the presence of brane matter and
radiation on the RS ”vacuum” background (6.1.2,6.1.5) with a given value of K, i.e.
with the parameters Λ and V of the theory satisfying V = −Λ/K = 12M3K. Using
the above values for Λ and V , (7.2.3) takes the form
r2c
2
(
H2 +
k
a2
)
= 1 +Krc +
rc
12M3
ρ˜+ ǫ
√
(1 +Krc)2 +
rc
6M3
ρ˜− r2cχ. (7.2.5)
The equation with ǫ = −1 has a smooth limit as rc → 0 and gives the cosmological
evolution of a RS universe (7.1.21)
H2 =
V ρ˜
72M6
+
1
4
(
ρ˜
6M3
)2
+ χ− k
a2
. (7.2.6)
6It will be shown later that this assumption is correct in periods of cosmological evolution where
the Friedman equation is approximately four dimensional.
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On the contrary, the limit with vanishing bulk and brane vacuum energy is given by
K → 0
r2c
2
(
H2 +
k
a2
)
= 1 +
rc
12M3
ρ˜+ ǫ
√
1 +
rc
6M3
ρ˜− r2cχ (7.2.7)
and provides an effective vacuum energy [230, 231] when ǫ = 1. From now on, for
simplicity, we shall set the “mirage” radiation density to zero: χ = 0.
In analyzing the physical content of (7.2.5) we shall distinguish two cases.
(a) Strong BIG : Krc ≫ 1. For the static gravitational potential this
corresponds to four-dimensional behavior on the brane at all scales withM2P =M
3rc.
We define the dimensionless density ρˆ ≡ rcρ˜/M3. We obtain
H2 ≃ ρ˜
6MP
2 −
k
a2
, ρˆ >∼ (Krc)2 (7.2.8)
H2 ≃ ρ˜
6MP
2 −
k
a2
+ (ǫ+ 1)
2k
rc
, ρˆ << (Krc)
2 (7.2.9)
Thus, for the ǫ = −1 branch we obtain at all times the standard Friedman equation.
For ǫ = 1 there is at late times a ”mirage” vacuum energy Λ4 = 24KMP
2/rc [230,
231].
(b) Weak BIG : Krc ≪ 1. The static gravitational potential on the brane
is four-dimensional at energies E ≪ K with M˜P2 = M3/K (RS regime), and for
E ≫ 1/rc withMP2 = M3rc (Induced Gravity (IG) regime). At intermediate energies
K ≪ E ≪ 1/rc gravity is five-dimensional (5d regime).
The Friedman equation now behaves as
H2 ≃ ρ˜
6MP
2 −
k
a2
, ρˆ≫ 1 (7.2.10)
corresponding to the IG regime. and
H2 ≃ (ǫ+ 1 +Krc) ρ˜
6M3rc
− ǫ
4
(
ρ˜
6M3
)2
− k
a2
+
2(ǫ+ 1)
r2c
, ρˆ≪ 1 (7.2.11)
For ǫ = 1 this expression becomes
H2 ≃ ρ˜
3MP
2 −
k
a2
+
4(1 +Krc)
r2c
, (7.2.12)
indicating the late-time vacuum energy. For ǫ = −1, we recover the cosmology of an
RS universe
H2 ≃ ρ˜
6M˜P
2 +
1
4
(
ρ˜
6M˜P
2
K
)2
− k
a2
. (7.2.13)
We thus confirm that the rough cosmological evolution mimics the static behavior
of gravity on the brane. There are further generalizations where the Gauss-Bonnet
term is added in the bulk, [213]-[220]which will not be discussed here.
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7.3 Brane-bulk energy exchange
In our discussion so far we have neglected a potentially important factor: the energy
that is radiated off the brane and into the bulk in the form of KK gravitons. This can
be studied as follows [172]: from the analysis of the previous section we can compute
the cross-section for the emission of KK gravitons. This can be convoluted with the
appropriate matter densities to provide the rate of energy loss per unit mass. This
rate can be integrated to provide the full rate of energy loss as a function of time.
The rate of energy loss can then be compared with the dilution of the brane energy
density due to the expansion. We will describe this calculation below.
To simplify the calculations we will have to distinguish several cases.
(a)Strong BIG : Krc ≫ 1. This is the case discussed earlier in section 6.3.1.
Here gravity is four dimensional at all distances and hence there are no stringent
experimental constraints. All KK modes are significantly suppressed and do not
affect standard processes. For example, the rate of emission of KK modes from a
star can be estimated as [279]
Γ(T ) ∝ 1
M3
∫ T
0
dmψ(0)2 ∼ 1
M3
∫ T
0
dm
m
K
1
r2cK
2
∼ 1
MP
2
T 2
K2
1
rcK
(7.3.1)
for T < K. This is much smaller than the rate of production of zero-mode gravitons
Γ0(T ) ∝ 1/MP2, and thus it is negligible. For T > K the largest contribution to the
rate is
Γ(T ) ∝ 1
M3
∫ T
K
dm
1
m2r2c
∼ 1
MP
2
1
rcK
, (7.3.2)
and is negligible again. Thus, we do not expect severe constraints on such a case from
current astrophysical data, like supernovae. The only requirement is to reproduce
the value of the Planck constant MP
2 =M3rc.
The cosmological evolution here turns out to be standard for all densities. There
is a small amount of energy loss to the bulk but as we will show shortly it does
not affect the Friedman evolution (7.2.8), (7.2.9) we found already in the previous
section.
The change in energy density per unit time is equal to the rate of energy loss to
KK gravitons per unit time and volume. For a process a + b → c +KK it is given
by (
dρ
dt
)
lost
= −〈na nb σa+b→c+KK v EKK〉 , (7.3.3)
where the brackets indicate thermal averaging. For a radiation-dominated brane we
can take approximately na, nb ∼ T 3, EKK ∼ T , and estimate
〈σa+b→c+KK v〉 ∼ 1
M3
∫ T
K
dm
1
m2r2c
∼ 1
MP
2
1
rcK
, (7.3.4)
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in agreement with eq. (7.3.2). This leads to(
dρ
dt
)
lost
∼ − T
7
MP
2
1
rcK
∼ − ρ
7/4
MP
2
1
rcK
. (7.3.5)
We conclude that the energy loss is negligible because (dρ/dt)expansion/(dρ/dt)lost ∼
(MP/ρ
1/4)rcK ≫ 1. Thus, we obtain a standard Friedman cosmological expansion
with essentially no energy loss.
(b) Weak BIG: Krc ≪ 1. Here, the deviations from the standard RS physics
appear at energy scales much larger than K. For the gravitational potential, we
expect a transition from the four-dimensional form ∼ 1/r to the five-dimensional one
∼ 1/r2 at distances r <∼ 1/K. The experimental constraints require k >∼ (10 µm)−1 ≃
10−11 GeV, while the value ofM is fixed by the relation M˜P
2
= M3/K to beM >∼ 109
GeV.
The emission of KK modes with masses 1/rc >∼ m >∼ K is unsuppressed on the
brane. Their contribution to various processes, such as star cooling or high-energy
experiments, is analogous to those in standard toroidal compactifications, [279] with
one extra dimension and a compactification radius ∼ 1/K. The strongest constraints
arise from star cooling through the emission of KK modes.
The cosmology of this scenario has several novel features, as was indicated in
the previous section. For densities ρ <∼M3K one expects the standard cosmological
evolution with H2 ∼ ρ˜/M˜P2 (RS regime). For K, M near the lower bound set
by observations K ∼ 10−11, M ∼ 109 GeV, this regime extends up to densities
ρ˜ ∼ (10TeV)4. However, for M3K <∼ ρ˜ <∼ M3/rc the Hubble parameter behaves
H2 ∼ ρ˜2/M6 (5d regime), while for ρ˜ >∼M3/rc we have H2 ∼ ρ˜/MP2 (IG regime).
Unsuppressed emission of single KK gravitons can take place for the mass range
1/rc > m > K as shown in section 7.3.7. For a brane with energy density ρ >∼ K4
it is possible to produce such unsuppressed KK gravitons that escape into the bulk.
We concentrate on the case of a radiation-dominated brane-universe (ρ˜ ∼ T 4), which
is the most relevant for the energy scales of interest. The scale K4 is smaller than
M3K because we assume K ≪ M (otherwise the whole energy regime above K is
strongly coupled). We also assume Mrc ≫ 1 (otherwise induced-gravity effects are
masked by strong five-dimensional gravity).
The energy lost through emission of unsuppressed KK gravitons is given by eq.
(7.3.3). We estimate
〈σa+b→c+KK v〉 ∼ 1
M3
∫ min(T,1/rc)
k
dm =
min(T, 1/rc)
M3
. (7.3.6)
For a given temperature T , the energy loss is maximized if 1/rc > T . We concentrate
on this case in the following and find(
dρ
dt
)
lost
∼ − T
8
M3
∼ − ρ
2
M3
. (7.3.7)
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Figure 4: Different regions in density, during the evolution of the universe for Krc << 1.
The change in energy density because of the expansion is(
dρ
dt
)
exp
= −4Hρ. (7.3.8)
In the RS regime
(dρ/dt)expansion
(dρ/dt)lost
∼
√
M3k
ρ
≫ 1 (7.3.9)
Thus, the energy loss during this period is negligible compared to the dilution
due to the expansion. In particular, for M3K ∼ (10TeV)4, the energy loss during
nucleosynthesis is smaller by a factor 1014 than the rate of decrease of the energy
density because of the expansion. Thus, during this period the standard cosmological
evolution is not affected by energy loss. A differed way of saying this is that graviton
emission is frozen-out during the RS period.
The energy loss is substantial during the 5d regime, when
(dρ/dt)exp ∼ −ρ2/M3 (7.3.10)
Both (dρ/dt)exp and (dρ/dt)lost are of the same order of magnitude and both
lead to a decrease of the energy density for an expanding universe. Thus, it must
be included in the cosmological evolution. This can be done using the metric of a
radiating brane (Vadya metric) [226],[227]. We will come back to it in section 7.4.3.
The energy exchange between the brane and the bulk has been studied in [221]-[226],
[56]-[59].
7.4 Phenomenology of brane-bulk energy exchange and its impact on
brane cosmology
We have seen in the previous section that energy exchange between the brane and
the bulk, sometimes can modify significantly the Friedman cosmological evolution on
the brane. It is interesting to try to investigate various patterns of such brane bulk
energy exchange and its impact on the brane-world cosmology.
We will thus reconsider the general cosmological evolution equations derived in
section 7.1.
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Rescaling the variables in the basic equations (7.1.18), (7.1.19) as in (7.1.22) as
well as
T =
T˜
72M3K2
, T5 =
T 55
3M3K2
(7.4.1)
we obtain the general equations that describe the cosmological evolution of the brane-
world and its interaction with the bulk
ρ˙+ 3(1 + w)
a˙
a
ρ = −T (7.4.2)
a˙2
a2
= ρ2 + ρ+ χ− k
a2
+ λ (7.4.3)
χ˙+ 4
a˙
a
χ = (2ρ+ 1)T − a˙
a
T5, (7.4.4)
q =
a¨
a
= −(2 + 3w)ρ2 − 3w + 1
2
ρ− χ− 1
2
T5 + λ (7.4.5)
where as usual we may assume an equation of state p = wρ for the brane matter.
In (7.4.2), T > 0 is the rate of energy outflow from the brane to the bulk, while it
corresponds to inflow when negative. T5 can be considered as the bulk back-reaction.
In order to derive solutions that are largely independent of the bulk dynamics,
the T 5 term on the right hand side of the same equation must be negligible relative to
the second one. This is possible if we assume that the diagonal elements of the various
contributions to the energy-momentum tensor satisfy the schematic inequality [56]-
[59] ∣∣∣∣∣ T |
diag
m,B
T |diagv,B
∣∣∣∣∣≪
∣∣∣∣∣ T |
diag
m,b
T |diagv,b
∣∣∣∣∣ . (7.4.6)
Our assumption is that the bulk matter relative to the bulk vacuum energy is much
less important than the brane matter relative to the brane vacuum energy, at the
position of the brane. In this case, the bulk is largely unperturbed by the exchange
of energy with the brane. When the off-diagonal term T 05 is of the same order of
magnitude or smaller than the diagonal ones, the inequality (7.4.6) implies T ≪ ρ.
Thus, under this assumption, we may neglect T5 from (7.4.4,7.4.5).
Even by neglecting T5 from the equations, we do not obtain a closed system. We
still have T to worry about. In the previous section, we have calculated T for the
RS case and graviton radiation in the bulk. We have found that for periods of the
evolution, T is a power of the driving energy density ρ on the brane. This is true
for a large class of processes. Imagine that particles of the driving energy density of
the brane universe (the one that dominates and drives the cosmological evolution)
scatter among themselves and radiate some bulk particles via some interaction. The
rate of energy loss will depend on the energy density, on cosmological temperature
T and several particle physics parameters. using the cosmological evolution one can
trade T with ρ: ρ ∼ T 3(1+w) and eventually write T as a function of ρ and other
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fundamental constants. If the theory on the brane is conformally invariant then T (ρ)
behaves like a power. Otherwise there will be scaling violations.
Motivated by this , we will parameterize T as a function of the driving energy
density ρ. The precise form depends on the details of the interaction between brane
and bulk. In the scaling regime, T will typically have a power dependence T ∼ ρν
up to small corrections. We will use this to investigate various physical instances in
the sequel.
7.4.1 The cosmological equations for brane-bulk energy exchange
.
With T (ρ) a known function of ρ, and the approximation T5 → negligible is
valid, the system of equations
ρ˙+3(1+w)
a˙
a
ρ = −T (ρ) , χ˙+4 a˙
a
χ = (2ρ+ 1)T (ρ) ,
a˙2
a2
= ρ2+ρ+χ− k
a2
+λ
(7.4.1.1)
is self-contained and we can attempt to find solutions. An interesting parameter of
the cosmological evolution is the acceleration that can be evaluated as
q =
a¨
a
= −(2 + 3w)ρ2 − 3w + 1
2
ρ− χ+ λ (7.4.1.2)
Combining equations (7.4.1.1) we obtain
a
dρ
da
= −3(1 + w)ρ− ǫ T (ρ)
(
ρ2 + ρ+ χ− k
a2
+ λ
)−1/2
. (7.4.1.3)
Similarly,
a
dχ
da
= −4χ + ǫ (2ρ+ 1)T (ρ)
(
ρ2 + ρ+ χ− k
a2
+ λ
)−1/2
, (7.4.1.4)
where ǫ = 1 refers to expansion, while ǫ = −1 to contraction. These two equations
form a two-dimensional dynamical system. The function χ(ρ) is obtained from the
equation (
3(1 + w)ρ
√
ρ2 + ρ+ χ− k
a2
+ λ + ǫ T (ρ)
)
dχ
dρ
= 4χ
√
ρ2 + ρ+ χ− k
a2
+ λ − ǫ (2ρ+ 1)T (ρ). (7.4.1.5)
Note that the equations of contraction are those of expansion with the roles of outflow
and influx interchanged.
We will now set the spatial curvature on the brane-world k = 0 and define
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Tˆ = ǫρ−3/2T , ζ =
√
ρ+
χ
ρ
+ 1 +
λ
ρ
(7.4.1.6)
Then, the equation (7.4.1.5) becomes
2ρζ ′ =
(1− 3w)ζ2 − Tˆ ζ +
[
3w − 1 + 2(1 + 3w)ρ− 4λ
ρ
]
3(1 + w)ζ + Tˆ
(7.4.1.7)
while (7.4.2.15) becomes
a
d log ρ
da
= −3(1 + w)− Tˆ
ζ
(7.4.1.8)
We can also derive an equation for the acceleration with the observable energy
density ρ as the independent variable:
−dq
dρ
=
[
2(1 + 3w)(2 + 3w)ρ2 + 9w
2−1
2
ρ+ 4λ− 4q
]
3(1 + w)ρR + ǫT
R+ (7.4.1.9)
+
2(3w + 1)ρ+ 3w−1
2
+ 1
2
∂T5
∂ρ
3(1 + w)ρR + ǫT
ǫT
where
R =
√
1− 3w
2
ρ− (1 + 3w)ρ2 + 2λ− q − k
a2
− T5
2
(7.4.1.10)
For k = 0, equation (7.4.1.9) simplifies to
2R′ =
4R2 − 4λ+ (3w − 1)ρ+ 2(3w + 1)ρ2
3(1 + w)ρR + ǫT
(7.4.1.11)
7.4.2 The four-dimensional regime
In this regime ρ << 1 and the cosmological evolution in the absence of energy
exchange is given by the standard Friedman equation. Equations (7.4.1.1) linearize
to
ρ˙+ 3(1 + w)
a˙
a
ρ = −T , a˙
2
a2
= ρ+ χ− k
a2
+ λ , χ˙ + 4
a˙
a
χ = T (7.4.2.12)
while the acceleration is
q =
a¨
a
= −3w + 1
2
ρ− χ+ λ (7.4.2.13)
An inspection of these equations reveals a simple interpretation. There two rel-
evant energy densities appearing in the Friedman equation (apart from a potential
vacuum energy and curvature): the energy ρ of brane matter, and the mirage energy
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density (or dark radiation) χ reflecting the bulk dynamics. The function T is respon-
sible for the conversion of energy from ρ to χ or vice-versa while the total energy
ρ+ χ is conserved:
ρ˙+ χ˙+ 3H
[
(1 + w)ρ+
4
3
χ
]
= 0 (7.4.2.14)
We can manipulate further the linearized equations to
a
dρ
da
= −3(1 + w)ρ− ǫ T (ρ)
(
ρ+ χ− k
a2
+ λ
)−1/2
. (7.4.2.15)
a
dχ
da
= −4χ + ǫT (ρ)
(
ρ+ χ− k
a2
+ λ
)−1/2
, (7.4.2.16)
(
3(1 + w)ρ
√
ρ+ χ− k
a2
+ λ + ǫ T (ρ)
)
dχ
dρ
= 4χ
√
ρ+ χ− k
a2
+ λ − ǫT (ρ). (7.4.2.17)
If we now k = 0 and define Tˆ = ρ−3/2T and ζ =
√
χ
ρ
+ 1 + λ
ρ
then
2ρζ ′ =
(1− 3w)(ζ2 − 1)− Tˆ ζ − 4λ
ρ
3(1 + w)ζ + Tˆ
(7.4.2.18)
a
d log ρ
da
= −3(1 + w)− Tˆ
ζ
(7.4.2.19)
7.4.3 The exact solution for RS outflow
Before we move on to find interesting solutions to our (approximate) cosmological
equations describing energy exchange between the brane and the bulk, we will inves-
tigate an exact solution for the energy outflow from the brane in the simple RS case,
that we treated perturbatively in section 7.3.
This was given in [226, 227] and corresponds to setting in our general equations
T = aρ2 and T5 = 2aρ
2 where a is a positive dimensionless constant .
We will thus consider the full system of equations (we choose w = 1/3 for
concreteness, so that the leading energy density on the brane is radiation, and a flat
brane, k = 0 without left-over cosmological constant, λ = 0). We also allow (for
more generality) T = aρ2 and T5 = bρ
2. b = 2a corresponds to a radiating RS brane.
The full system of equations are:
ρ˙+4Hρ = −aρ2 , χ˙+4Hχ = a(2ρ+1)ρ2− bHρ2 , H2 = ρ2 + ρ+χ (7.4.3.1)
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The linear combination z = H + κρ with 4κ = a − √16 + 4b+ a2 satisfies the
simple equation
z˙ = −2z2 → z = 1
2(t− t0) (7.4.3.2)
The general solution is given by
ρ =
1
A(t− t0)(t− t1) , t1 = t0 +
a− 4κ
A
(7.4.3.3)
χ =
(κ2 − 1) + A2
4
(t− t1)2 − Aκ(t− t1)− A(t− t0)(t− t1)
A2(t− t0)2(t− t1)2 (7.4.3.4)
a(t) ∼ (t− t0)
a+
√
16+4b+a2
4
√
16+4b+a2 (t− t1)
√
16+4b+a2−a
4
√
16+4b+a2 (7.4.3.5)
From this exact solution we can study the approximation we have made earlier
when we dropped the T5 term: HT5 << (2ρ+ 1)T . To do this we define the ratio
η ≡ HT5
(2ρ+ 1)T
=
b
a
H
(2ρ+ 1)
=
b
a
A(t− t1)− 2κ
2(2 + A(t− t0)(t− t1)) (7.4.3.6)
As long as η remains much smaller than one, our approximation is justified.
The general solution obtained above [227] described three types of brane-cosmological
evolution:
(I) A > 0 and t < t0 describes a contracting universe with a big crunch at t = t0
(t0 < t1). Here η varies monotonically as
0 = η(−∞) ≥ η ≥ η(t0) = −b(a +
√
16 + 4b+ a2)
8a
(7.4.3.7)
Here the mirage density χ is always positive if A > 4 and switches sign at t =
a/(A− 4) if 0 < A < 4.
(II) A > 0 and t > t1 describes an expanding universe with a big bang at t = t1
(t0 < t1).
0 = η(∞) ≤ η ≤ η(t1) = b(−a +
√
16 + 4b+ a2)
8a
(7.4.3.8)
Here χ can be always negative or switch sign .
(III) A < 0 and t1 < t < t0 which describes an expanding and recontracting
universe (t0 > t1).
Here η varies between η(t0) and η(t1). Since η(t0) < 0 and η(t1) > 0, near the
big bag or big crunch η is of order one while all the intermediate time is small
The overall message is that η is always very small and can become of order unity
or larger near a big bang or a big crunch. Moreover its value there is bounded by
the coefficient of brane bulk energy exchange.
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As mentioned above, the realistic case of RS radiation b = 2a. The solution
(7.4.3.3)-(7.4.3.5) simplifies to
a(t)
a0
= (t− t0)
a+2
2(a+4) (t− t1)
1
a+4 (7.4.3.9)
ρ =
1
A(t− t0)(t− t1) , t1 = t0 +
a+ 4
A
, H = ρ+
1
2(t− t0) (7.4.3.10)
χ = H2 − ρ− ρ2 = A(t− t1)− 4(t− t0) + 4
4A(t− t0)2(t− t1) (7.4.3.11)
In the asymptotic 4d regime t→∞ we have
ρ ∼ 1
At2
, χ ∼ A− 4
4At2
, H ∼ 1
2t
(7.4.3.12)
Thus A characterizes the asymptotic ratio of energy densities.
In the 5d regime t→ t1 we have
ρ ≃ H ∼ 1
(a+ 4)(t− t1) , χ ∼
A− a− 4
(a+ 4)2(t− t1) (7.4.3.13)
We conclude that:
In the late (4d) epoch a ∼ t1/2 while in the early (5d) one a ∼ t1/(a+4). Thus in
the early epoch, outflow modifies the t1/4 behavior as expected from our arguments in
the previous section. Moreover, our approximation of dropping T5 is good everywhere
except close to a big crunch or a big bag.
Generally, if during the cosmological evolution T5 remains of the same order of
magnitude as T for the whole period of evolution, then we have the following estimate
η ≡ HT5
(2ρ+ 1)T
≃ H
(2ρ+ 1)
=
√
ρ2 + ρ+ χ+ λ
2ρ+ 1
(7.4.3.14)
• If the vacuum energy is dominating the expansion then η →√λ. If the vacuum
energy is thus small in natural units, η << 1
• In regions where χ can be neglected, η is small when ρ << 1 and can become
at most 1/2 for ρ large.
7.4.4 Inflating fixed points
An interesting feature of the cosmological equations is the possible presence of ac-
celerating cosmological solutions. We may look for exponential expansion with a
constant Hubble parameter H , even if the brane content is not pure vacuum energy.
We will restrict ourselves for simplicity to the 4d regime. For the non-linear analysis
we refer the reader to [56]-[59].
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For a fixed point, equations (7.4.2.12) must have a time-independent solution,
without necessarily requiring w = −1 (λ = k = 0). The possible fixed points
(denoted by ∗) of these equations satisfy
3H∗(1 + w)ρ∗ = −T (ρ∗) , H2∗ = ρ∗ + χ∗ , 4H∗χ∗ = T (ρ∗). (7.4.4.1)
It is clear from equation (7.4.4.1) that, for positive matter density on the brane
(ρ > 0), flow of energy into the brane (T (ρ) < 0) is necessary.
The accretion of energy from the bulk depends on the dynamical mechanism that
localizes particles on the brane. Its details are outside the scope of our discussion.
However, it is not difficult to imagine scenaria that would lead to accretion. If the
brane initially has very low energy density, energy can by transferred onto it by bulk
particles such as gravitons. An equilibrium is expected to set in if the brane energy
density reaches a limiting value. As a result, a physically motivated behavior for the
function T (ρ) is to be negative for small ρ and cross zero towards positive values for
larger densities. In the case of accretion it is also natural to expect that the energy
transfer approaches a negative constant value for ρ→ 0.
The solution of equations (7.4.4.1) satisfies
T (ρ∗) = −3
2
(1 + w)
√
1− 3w ρ3/2∗ , H2∗ =
1− 3w
4
ρ∗ , χ∗ = −3(1 + w)
4
ρ∗.
(7.4.4.2)
For a general form of T (ρ) equation (7.4.4.2) is an algebraic equation with a discrete
number of roots. For any value of w in the region −1 < w < 1/3 a solution is possible.
The corresponding cosmological model has a scale factor that grows exponentially
with time. The energy density on the brane remains constant due to the energy flow
from the bulk. This is very similar to the steady state model of cosmology [228]. The
main differences are that the energy density is not spontaneously generated, and the
Hubble parameter receives an additional contribution from the “mirage” density χ
(see equation (7.4.4.1)).
The stability of the fixed point (7.4.4.1) determines whether the exponentially
expanding solution is an attractor of neighboring cosmological flows. If we consider
a small homogeneous perturbation around the fixed point (ρ = ρ∗+ δρ, χ = χ∗+ δχ)
we find that δρ, δχ satisfy
d
dt
(
δρ
δχ
)
=
T (ρ∗)
ρ∗
M
(
δρ
δχ
)
, (7.4.4.3)
where
M =
(
−ν + 3(1− w)/(1− 3w) 2(1− 3w)
ν − 2/(1− 3w) − 2(1 + 9w)/[3(1 + w)(1− 3w)]
)
(7.4.4.4)
ν =
d ln |T |
d ln ρ
(ρ∗) , (7.4.4.5)
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and we have employed the relations (7.4.4.1) and T (ρ) ∝ ρν . The eigenvalues of the
matrix M are
M1,2 =
7 + 3w − 3ν(1 + w)±
√
24(−3 + 2ν)(1 + w) + [7 + 3w − 3ν(1 + w)]2
6(1 + w)
.
(7.4.4.6)
For −1 < w < 1/3, 0 ≤ ν < 3/2 they both have a positive real part. As we
have assumed T (ρ) < 0, the fixed point is stable in this case. The approach to the
fixed-point values depends on the sign of the quantity under the square root. If
this is negative the energy density oscillates with diminishing amplitude around its
fixed-point value.
7.4.5 Tracking solutions
We will now analyze the case ν = 3/2 which lies at the boundary of the stability
region discussed above. We will thus assume that T = A ρ3/2, and that the universe
expands and is dominated by non-relativistic matter (w=0). Then, in the 4d regime,
equation (7.4.2.18) becomes (λ = 0)
2ρζ ′ =
ζ2 − Aζ − 1
3ζ + A
(7.4.5.1)
We will parameterize the dimension-less coefficient A as A = µ − 1
µ
. A is de-
termined by the details of the microscopic cross section that gives rise to this type
of energy exchange. µ running on non-negative real numbers parameterizes all pos-
sible values of A. When we have expansion, A > 0 means outflow. When we have
contraction A < 0 means outflow.
The general solution of equation (7.4.5.1) is
(ζ − µ)− 2µ+8µ
(
ζ +
1
µ
)−2µ+ 8
µ
= C ρµ+
1
µ (7.4.5.2)
where C is a constant
Since H2 = ρ+ χ, the equation above can be re-written, in terms of ζ = H/
√
ρ.
Then equation (7.4.2.19) becomes
a
ρ
dρ
da
= −3ζ + A
ζ
(7.4.5.3)
and can be integrated as a function of a with the result
(ζ − µ)2µ2
(
ζ +
1
µ
)2
= C ′ a−(µ
2+1) (7.4.5.4)
ρ(a) can be obtained by solving (7.4.5.2) and substituting into (7.4.5.4). Finally
χ(a) = ρ(ζ2 − 1).
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We will first study a few special cases :
(i) µ = 1. Here we obtain
ζ2 = 1 + Cρ1/3 ⇒ H2 = ρ+ C ρ4/3 , ρ = C
′3
C3
1
a3
, χ =
C ′4
C3
1
a4
(7.4.5.5)
compatible with the absence of energy exchange in this case and consequent inde-
pendence of the evolution of ρ, χ.
(ii) 1/2 < µ. It corresponds to −3
2
< A. Asymptotically (a → ∞) we obtain
the tracking solution
ζ = µ+ C˜ ρ
µ2+1
2(4µ2−1) + ... , H2 = µ2ρ+ 2µC˜ ρ
µ2+1
2(4µ2−1)
+1
+ ... (7.4.5.6)
ρ ∼ C˜ ′ a 1µ2−4 + ... , χ = (µ2 − 1)ρ+ ... (7.4.5.7)
Here, although the initial conditions for the real ρ and mirage χ energy density are
arbitrarily different (parameterized by the independent integration constants C,C ′),
at late times they scale similarly with the scale factor
ρ ∼ C˜ ′ a 1µ2−4 + ... , χ
ρ
= (µ2 − 1) + ... (7.4.5.8)
Thus, the dark energy behaves as the visible energy, and such a mechanism could be
used so that bulk energy simulates dark matter.
The case −2 ≤ µ < 0 has qualitatively similar behavior. All other ranges have
asymptotic ζ which is negative and thus unphysical.
Finally, in the case of outflow, there is a fixed point in the 5d regime, when
A2 < 9/4 with
ρ∗ =
9− 4A2
8.81
, H∗ =
A
108
√
9− 4A2
2
(7.4.5.9)
This is a saddle point
It is interesting to note that a similar tracking behavior has been observed in
matter interacting with the dilaton in [229].
7.4.6 Fixed points in the non-linear regime
We will consider solutions to the non-linear system (7.4.1.1) with H = H∗ constant.
The equations also imply that ρ = ρ∗, T = T∗, χ = χ∗ are also constant. We will
see that although there may be a leftover cosmological constant λ on the brane, the
cosmological acceleration because of energy inflow, may be much smaller than
√
λ.
From the equations we obtain
ρ±∗ =
1
144(1 + 3w)
[
(1− 3w)±
√
(1− 3w)2 + 1152(1 + 3w)(λ−H2∗ )
]
(7.4.6.1)
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χ∗ = −3
4
(1 + w)ρ∗ [72ρ∗ + 1] , T∗ = −3(1 + w)H∗ρ∗ , q∗ = H2∗ (7.4.6.2)
Assuming the rate of expansion H∗ to be small compared to the cosmological
constant λ, we have the following two possibilities
(i) λ dominates in the square root. In this case ρ∗ ≃
√
λ
18(1+3w)
. There is still
space for this approximation to be correct and ρ∗ << 1 so that we are in the 4d
period.
(ii) In the opposite case ρ∗ ≃ 1−3w72(1+3w) and we can be either in the 4d or the 5d
regime.
In either case , energy exchange can mask a leftover brane cosmological constant
7.4.7 Other accelerating solutions
We will present here two different families of solutions that are characteristic in their
classes.
Figure 5: Outflow, k = 0, w = 0, ν = 1. The arrows show the direction of increasing
scale factor
A global phase portrait of q ≡ a¨/a with respect to ρ during expansion in the
outflow case for k = 0, w = 0, ν = 1 is shown in Figure 5. All solutions are below
the limiting parabola q < 1−3w
2
ρ− 36(1 + 3w)ρ2.
One recognizes two families of solutions: The first have q < 0 for all values of ρ,
while the second start with a deceleration era for large ρ, enter an acceleration era
and then return to deceleration for small enough values of ρ.
Solutions corresponding to initial conditions with positive q (always under the
limiting parabola shown with the dotted line), necessarily had a deceleration era in
the past, and are going to end with an eternal deceleration era also. The straight
dashed line represents the standard FRW solution without the effects of energy ex-
change.
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The global phase portrait of q ≡ a¨/a with respect to ρ during expansion for
the case k = 0, w = 0, ν = 1 is shown in Figure 6. The presence of the limiting
parabola as in the outflow case is apparent. However, new characteristics appear.
For example, ρ
(−)
∗ attracts to eternal acceleration a whole family of solutions which
start their evolution at either very low or very high densities. There is another family
of solutions which are attracted to acceleration by ρ
(+)
∗ and which eventually exit to
a deceleration era. Finally, there is a family of solutions, near the limiting parabola,
which start with acceleration at very low densities, and eventually exit to eternal
deceleration, while their density increases monotonically with time because of the
influx.
Figure 6: Influx, k = 0, w = 0, ν = 1.
For ν 6= 1 one expects a different set of fixed points with varying behaviors around
them. Such accelerating attractors may be relevant for the present acceleration of
the universe
7.5 Mirage Cosmology
We have already seen that vacua of string theory are promising to describe the stan-
dard model, involve D-branes that localize the standard model particles, embedded
in a ten-dimensional bulk space in which gravity propagates. This notion of brane-
world, embedded in the full space-time indicates a different view (and dynamics)
for cosmology. Some aspects of this have been already explored in section 7 in the
context of a RS realization of gravity on a three-brane.
Here, we would like to advocate a more general approach to brane-world cos-
mology that is very powerful, since it is generally and easily applicable. This is the
approach of mirage cosmology [41]. It studies the motion of the brane world in the
bulk which is affected by the energy density (and other data) on the brane-world as
well as bulk fields due to other branes or just bulk geometry. An important obser-
vation in this approach [232, 233, 41] is that the motion of the brane world, via its
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interactions with the bulk fields, induces a cosmological evolution on itself, driven by
brane energy densities (as in standard cosmology) as well as bulk fields (which from
the brane-world point of view are interpreted as mirage energy densities). Coupled
with a probe approximation for the brane-world it is powerful enough to be able to
handle many non-trivial cosmological contexts.
We can thus consider our “universe” (standard model collection of almost coin-
cident branes) in potential motion in the field of other branes carrying hidden gauge
groups. Gravity as well as other universal interactions are living in the bulk space.
There are two different regimes that may be considered.
• The weak bulk field regime. In this case the matter density on the brane alone
drives the cosmological expansion, in the traditional fashion.
• The strong bulk field regime. Here, the cosmological evolution of the brane is of
the mirage type driven by the bulk fields and may be interpreted by the inhabitants
of the brane-world as real energy, living on the brane. Detailed measurements can
identify it though as mirage energy, sourced in the bulk.
An important ingredient in the physics is the induced metric on the brane which
depends on the brane positions but also on brane-localized fields or energy. This
dependence is at the heart of new phenomena, like variable speed of light [234] and
induced cosmological evolution [41].
Mirage cosmology, by mapping cosmological evolution of the brane to geodesic
motion, geometrizes the Friedman-like cosmology and gives a simple and generic
pictures of accelerating, bouncing and cyclic cosmological evolution as we will explain
in the sequel.
The picture of AdS/CFT correspondence and its avatars, provides a resolution
of initial singularities in this context [41] which make use of the duality between
gravity and gauge theory.
In order to put in context different approaches of study of time-dependent so-
lutions of brane-worlds we will compare them in the following problem: Relative
motion of two branes.
• The effective-field theory approach. One needs to calculate the effective in-
teractions of brane-fluctuations. The solutions for the scalars parameterizing the
inter-brane distance describe the relative motion of branes [235].
• The probe approach. One considers the geodesics of one of the branes moving
in the fields of the other. This approach is in general approximate. In this case
however, (two sets of branes ) it is exact.
• Full solution of the supergravity/string equations with a time dependent so-
lution that describes two (solitonic) branes in relative motion. This is a straight-
forward approach albeit very difficult in general.
Here we will focus on the second approach. The transverse space may be com-
pact or non-compact. In the first case, when the size of the compact directions is
large with respect to the string scale, we can treat most regions of brane geodesics as
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being embedded in non-compact space. There is also the possibility of non-compact
transverse dimensions. In such cases, the brane-induced-gravity mechanism, intro-
duced in previous sections, must be invoked to implement four-dimensional gravity
on the branes.
Thus, the central idea is that the universe brane is moving into the bulk back-
ground fields of other branes of the theory. The motion of the brane follows, a
classical geodesic in the bulk geometry. This geodesic is also affected by the matter
densities’ associated dynamics, localized on the brane. The prototype branes we
are using here are Dp-branes. However, as it will become obvious, the results are
valid for general branes, since the IR relevant parts of their world-volume actions are
essentially universal.
There are two steps in the procedure:
• Determine the brane motion by solving the world-volume field equations for
the scalar fields determining the position of the brane in the bulk. Other brane
fields may also be excited.
• Determine the induced metric on the brane which now becomes an implicit
function of time. This gives a cosmological evolution in the induced brane
metric. This cosmological evolution can be reinterpreted in terms of cosmo-
logical “mirage” energy densities on the brane via a Friedman-like equation.
The induced metric on the brane is the natural metric felt by the observers on
the brane. We assume that our universe (SM fields) live on the brane and are
made off open string fluctuations.
An important reminder here is that mirage cosmological evolution is not driven
by four-dimensional gravity on the brane but by higher-dimensional gravity. One
can however include the effects of induced four-dimensional gravity on the brane as
we have done earlier in the RS case.
We will analyze various combinations of branes and simple background fields.
They correspond to a stack of Dp-branes on and out of extremality (black Dp-
branes). They provide a cosmological evolution on the probe brane that can be
simulated by various types of mirage matter [41]. Most prominent is radiation-types
(w=1/3) or massless scalars (w=1). It should be stressed however that at small
scale factor size, there are many exotic types of mirage matter including w values
that are outside the range |w| ≤ 1 required by four-dimensional causality [41]. Such
matter, coined phantom matter [236]-[238] appears naturally here. We interpret the
presence of such mirage densities as an indication that super-luminal (from that
four-dimensional points of view)“shocks” are possible in such cosmologies. Super
luminal signal propagation in a brane-world context have been recently pursued in
[239]-[249].
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It has been also pointed out in [234] that the effective speed of light on the brane,
in the presence of non-trivial bulk fields is in general different (lower) than that of
gravitational waves. This has been shown in general in [60]. Moreover, when the
brane approaches horizons, the effective speed of light vanishes [234]. This was also
observed later, during tachyon condensation and was coined a Carolean limit [61].
This effect indicates a similarity between unstable D-brane decay and the emergence
of closed strings on one hand and confinement in the context of AdS/CFT.
Another peculiarity is that “individual” densities of mirage dilute-matter can be
negative (without spoiling the overall positivity at late times).
Inflation can be produced in simple backgrounds, at the cost of breaking super-
symmetry. As it was shown in [250, 253] this can be obtained from type-0 D-branes.
In mirage cosmology, the initial singularity is an artifact of the low energy de-
scription. This can be seen by studying brane motion in simple spaces like AdS5×M
which are globally non-singular. The induced cosmological evolution of a brane mov-
ing in such a space has a typical expansion profile due to radiation and an initial
singularity (from the four-dimensional point of view). However, this singularity is an
artifact. At the point of the initial singularity the universe brane joins a collection of
parallel similar branes and there is (non-abelian) symmetry enhancement. The effec-
tive field theory breaks down and this gives rise to the singularity. The non-singular
description is that of a non-abelian gauge theory.
An obvious question is how “real” matter/energy densities on the brane affect
its geodesic motion and consequently the induced cosmological evolution. This can
be studied by turning on such energy densities on the brane. We will consider as an
example electromagnetic energy density and find a solution of the moving brane with
a covariantly constant electric field. This gives the expected additional effect on the
cosmological evolution similar to the analogous problem of radiation density in four-
dimensions [41]. Although an electric field is an unrealistic cosmological background
the solution we obtain is also valid when the electric energy density is thermal (and
thus isotropic) in nature. This indicates that the formalism is capable of handling
the most general situation possible, namely cosmological evolution driven by bulk
background fields (mirage matter) as well as world-volume energy densities (real
matter). Such issued have been developed further in [250]-[263, 266, 267].
7.5.1 Probe-brane geodesics and induced cosmology
According to our previous discussion, we will consider a brane-world moving in the
field of a localized collection of p-branes. Here, we first review the motion of the
(probe) brane-world moving in a generic static, spherically symmetric background.
The brane will move in a brane-geodesic. We assume the brane to be light compared
to the background so that we can neglect the back-reaction. The simplest case
corresponds to the background of a (black) Dp-brane and we will focus mostly on
this case.
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The metric of a gravitating Dp-brane may be parameterized as
ds210 = g00(r)dt
2 + g(r)(d~x)2 + grr(r)dr
2 + gS(r)dΩ8−p (7.5.1.1)
and we may also generically have a dilaton φ(r) as well as a RR background C(r) =
C0...,p(r). For black Dp-branes we have
g00(r) = − f(r)√
Hp(r)
, g(r) =
1√
Hp(r)
, grr(r) =
√
Hp(r)
f(r)
(7.5.1.2)
gS(r) = r
2
√
Hp(r) , e
φ = H(3−p)/4p , C0,...,p =
√
1 +
r7−p0
L7−p
(
1− 1
Hp
)
(7.5.1.3)
and
Hp = 1 +
L(7−p)
r(7−p)
, f = 1− r
(7−p)
0
r(7−p)
(7.5.1.4)
The probe 3-brane will in general move in this background along a geodesic. Its
dynamics is governed by the DBI action. In the case of maximal supersymmetry it
is given by
S = T3
∫
d4ξe−φ
√
−det(Gˆαβ + (2πα′)Fαβ − Bˆαβ) + T3
∫
d4ξ Cˆ4 + anomaly terms
(7.5.1.5)
where we have ignored the world-volume fermions.
The embedded data are given by
Gˆαβ = Gµν
∂xµ
∂ξα
∂xν
∂ξβ
, Bˆαβ = Bµν
∂xµ
∂ξα
∂xν
∂ξβ
(7.5.1.6)
Due to reparametrization invariance, there is a gauge freedom which may be fixed
by choosing the static gauge, xα = ξα, α = 0, 1, 2, 3. A generic motion of the probe
D3-brane will have a non-trivial angular momentum in the transverse directions as
well as non-trivial momentum in the directions transverse to the probe brane but lon-
gitudinal to the background brane if p > 3 (also known as Neumann-Dirichlet (ND)
directions) In the static gauge, the relevant (bosonic) part of the brane Lagrangian
reads
L = e−φ
√√√√g(r)3[|g00| − grrr˙2 − g(r) p∑
i=4
(x˙i)2 − gS(r)hijϕ˙iϕ˙j]− C(r)δp,3 (7.5.1.7)
where hij(ϕ)dϕ
iϕj is the line element of the unit (8-p)-sphere. For future purposes
(generality) we will parameterize the Lagrangian as
L =
√
A(r)−B(r)r˙2 −
∑
I
DI(r)h
I
ijϕ˙
i
Iϕ˙
j
I − C(r)δp,3 (7.5.1.8)
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with
A(r) = g3(r)|g00(r)|e−2φ , B(r) = g3(r)grr(r)e−2φ , DI(r) = g3(r)gI(r)e−2φ
(7.5.1.9)
and C(r) is the RR background. The RR background only appears if the dimensions
of the background and probe brane are equal. The metric hIij is that of S
dI while φIi
are the coordinates of SdI . dI can be one (relevant for compact ND directions). Sev-
eral spheres can appear if the central brane is a collection of intersecting elementary
branes.
In spherically symmetric backgrounds, radial motion entails non-trivial cosmo-
logical evolution on the brane with a scale factor that satisfies the mirage cosmology
equations [41].
Roughly speaking the brane-world motion depends on both its charges (energy
density on the brane, and RR and dilaton charge) as well as on the bulk fields,
generated by the central branes. This motion induces a time-dependent effective
metric on the brane and thus a cosmological evolution. In the absence of world-
volume energy distributions, homogeneity and isotropy on the brane is “explained”
by the spherical symmetry of the central fields.
In the absence of 2-index antisymmetric tensor fields the effective metric on the
brane-world is the induced metric. Thus, for bulk metrics of the form advocated in
(7.5.1.1) the scale factor is a2 = g(r) and its time dependence is due to the changing
distance r(t) from the central source.
We will now proceed further and solve for the brane-universe motion. The prob-
lem is effectively one-dimensional and can be solved by quadratures.The momenta
are given by
pr = − B(r)r˙√
A(r)−B(r)r˙2 −∑I DI(r)hIijϕ˙iIϕ˙jI (7.5.1.10)
pIi = −
DI(r)h
I
ijϕ˙
j
I√
A(r)−B(r)r˙2 −∑I DI(r)hIijϕ˙iIϕ˙jI
The angular momenta as well as the Hamiltonian
H = −E = C − A(r)√
A(r)−B(r)r˙2 −∑I DI(r)hIijϕ˙iIϕ˙jI (7.5.1.11)
are conserved. The conserved total angular momenta in direction I are hijI p
I
i p
I
j = ℓ
2
I
and
hIijϕ˙
i
Iϕ˙
j
I =
ℓ2I
D2I
(A(r)− B(r)r˙2 −
∑
I
DI(r)h
I
ijϕ˙
i
Iϕ˙
j
I) (7.5.1.12)
86
∑
I
DIh
I
ijϕ˙
i
Iϕ˙
j
I = (A(r)− B(r)r˙2)
∑
I
ℓ2I
DI
1 +
∑
I
ℓ2I
DI
(7.5.1.13)
The final equation for the radial variable is
√√√√A(r)−B(r)r˙2
1 +
∑
I
ℓ2I
DI
=
A(r)
E + C(r)
⇒ r˙2 = A
B
(
1− A
(C + E)2
[
1 +
∑
I
ℓ2I
DI
])
(7.5.1.14)
and using it we can rewrite
hIijϕ˙
i
Iϕ˙
j
I =
ℓ2I
D2I
A2
(C + E)2
(7.5.1.15)
The induced four-dimensional metric on the 3-brane universe is7
dsˆ2 = (g00 + grrr˙
2 +
∑
I
gIh
I
ijϕ˙
i
Iϕ˙
j
I)dt
2 + g(d~x)2 (7.5.1.16)
This can be brought to the standard RW form by defining cosmic time τ (coin-
ciding with the proper brane time) as
dτ 2 = −(g00 + grrr˙2 +
∑
I
gIh
I
ijϕ˙
i
Iϕ˙
j
I)dt
2 =
A2
(C + E)2
e2φ
g3
dt2 (7.5.1.17)
and the scale factor as
a2 = g(r) (7.5.1.18)
Definitions (7.5.1.17,7.5.1.18) and the dynamical equation (7.5.1.14) imply that
a˙
a
=
1
2
1
g
dg
dr
dr
dt
dt
dτ
(7.5.1.19)
which can be written as a Friedman-like equation
(
a˙(τ)
a(τ)
)2
= ρeff(a(τ)) ≡ 1
4
g′2
g2
(
(C + E)2 −A
[
1 +
∑
I
ℓ2I
DI
])
e−2φ g3
AB
(7.5.1.20)
(7.5.1.20) describes the effective cosmological evolution on the brane-universe. As
advocated in [267], more detailed information about the (local) physics of the brane
can be recovered from the brane action and its coupling to the bulk fields.
7We assume here that Bµν = 0 for D-branes. In the opposite case there are modifications to the
effective metric that are interesting but will not be further discussed here. An example of mirage
cosmology in the presence of nontrivial Bµν = 0 was presented in [41] .
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7.5.2 Orbits, bounces and static universes
At this point and without further calculation we can qualitatively describe the con-
nection between different brane-universe geodesics and the (effective) cosmological
type of expansion or contraction perceived on the brane-universe. The function g(r)
linking the distance to the effective scale-factor of the brane-universe is typically a
monotonic function of r. We ignore here the potential effect of brane-energy densities
over and above the (BPS) negative tension and RR charges. Their effects will be
discussed later on.
The eventual type of cosmology (behavior of the scale factor) depends on two
distinct ingredients [264]-[269]:
(a) The dependence of the scale factor on the radial distance r of the universe
brane from the center of the bulk distribution, encapsulated in the relation a2 = g(r).
There are two distinct possibilities here: In asymptotically flat bulk configurations,
a(r) is a monotonic function with a maximum. For non-asymptotically flat configu-
rations (like AdS) a(r) is monotonic without a bound.
(b) The type of orbit in transverse space. Such orbits are of the following form:
(i) Unbounded (hyperbolic) orbits. These are “scattering-type” orbits where
the brane starts at infinite distance approaches to a minimal distance and finally re-
treats back to infinity. The associated behavior of the brane cosmology is then as
follows: The universe is contracting until it reaches a minimum size. It subsequently
(and smoothly) bounces back to an ever expanding phase. No cosmological singular-
ity will be ever perceived on the brane-universe in this case. In the asymptotically
flat case, the ever expanding phase can saturate asymptotically due to the bound in
a(r).
(ii) Bounded (parabolic) orbits. These are bound orbits where the distance
to the central point (hyper-galaxy) oscillates between a minimum and a maximum
value. The associated cosmology is cyclic alternating between expanding and con-
tracting phases with no cosmological singularity. A very special case is that of circular
orbits that corresponds to a static brane-universe. As it will be expanded upon later,
the speed of light on the brane is smaller than the one in the bulk [234, 265]. At large
distances, one deals with Newtonian potentials that behave like r2−d where d is the
number of transverse directions. It is well known that bound orbits exist only when
the centrifugal potential (always behaving like r−2 independent of dimension) can
balance the Newtonian one. This can only happen when the Newtonian attractive
potential behaves as r−1 or r−2.
(iii) ‘‘absorption" or ‘‘emission" orbits. These are orbits where the uni-
verse brane finally enters the horizon of the black brane (central hyper-galactic black
brane) or it is “emitted” and moves outwards. We should distinguish here the fol-
lowing two subcases.
(iiia) Bound absorption or emission orbits. These obits originate or end at
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the horizon but they never reach infinity. They correspond to a cosmology of an
expanding universe (outward motion) which reaches a maximum size, then recon-
tracts and has a final singularity associated to the brane falling at the center r = 0.
It has been argued [41] that this singularity is resolved in the D-brane description
by passing to the enhanced non-abelian theory of the full system. Nonetheless, this
encounter is catastrophic for the brane-matter (and its inhabitants) since it entails
a complete rearrangement of the effective matter theory similar to that of phase
transition of symmetry restoration. It has been argued that already at the crossing
of the horizon the brane thermalizes with the Hawking heat-bath associated with
the central black brane [270, 271] provided it is colder than the black brane8. The
time reversed situation involves an expanding universe with an apparent (initial)
singularity in its past.
(iiib) Unbounded absorption or emission orbits. Such orbits start above
the horizon and reach infinity, or start at infinity and fall through the horizon. They
correspond to always expanding cosmologies with an initial singularity or always
contracting cosmologies with a final singularity. The scale factor can also saturate
here in asymptotically flat bulk geometries. The same remarks as above apply to the
resolution of the cosmological singularity.
7.5.3 A partial survey of various induced mirage cosmologies
Here we will take a closer look at the various orbits. We consider a 3-brane moving
in the background of a black p-brane. The internal charges that are relevant are the
angular momentum ls on S
8−p transverse to the p-brane as well as the momenta li,
i = 1, 2, · · · , p − 3 along the longitudinal directions of the black p-brane that are
transverse to the 3-brane universe. The relevant functions are
A = f H
p−7
2
p , B =
1
f
H
p−5
2
p , Di = H
p−7
2
p , Ds = r
2H
p−5
2
p (7.5.3.1)
In the special case p = 3 there is also a RR potential C =
√
1 +
r40
L4
L4
L4+r4
. We will
first describe the case p > 3.
The orbit is given by the solution of
r˙2 =
f 2
Hp
[
1− f
E2
(
1
H
7−p
2
p
+
l2s
r2Hp
+
∑
i
l2i
)]
(7.5.3.2)
where ls is the angular momentum on the S
8−p and li are angular momenta on the
Neumann-Dirichlet S1s. We will scale r, t and ls appropriately so as to set the length
L to one.
The radius-scale factor relation is
r =
(
a4
1− a4
) 1
7−p
(7.5.3.3)
8See also [62] for a related view.
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Note that here the scale factor is bounded above by 1. This can be rescaled to any
desirable finite value by a choice of units. The associated Friedman equations take
the form (
a˙
a
)2
=
(p− 7)2
16
a2
3−p
7−p (1− a4)2 8−p7−p
[
(C(a)δp,3 + E)
2
a2(7−p)
− (7.5.3.4)
− fp(a)
(
1 +
∑
i l
2
i
a2(7−p)
+
l2s(1− a4)
2
7−p
a2
(p−6)2+3
7−p
)]
with
C(a) =
√
1 + r40(1− a4) , fp(a) = 1 + r7−p0 −
r7−p0
a4
(7.5.3.5)
To discuss the behavior of orbits we must study the effective potential
Veff =
f 2
Hp
[
1− f
E2
(
1
H
7−p
2
p
+
l2s
r2Hp
+
∑
i
l2i
)]
(7.5.3.6)
Zeros of the effective potential signal a turning point in the radial motion. At the
horizon r = r0 the effective potential always vanishes
Veff =
(7− p)2
rp−50 (r
7−p
0 + 1)
(r − r0)2 +O
(
(r − r0)3
)
(7.5.3.7)
This zero is not a turning point. If no other zero r∗ > r0 exists, then the brane
crosses eventually the horizon. Moreover Veff remains positive for r approaching r0
from above.
The asymptotic form of the effective potential at large r is
Veff = 1−
∑
i l
2
i + 1
E2
+O
(
1
r
)
(7.5.3.8)
where 3 < p < 7.
We distinguish the following cases
• (A) E2 >∑i l2i +1. In this case Veff(∞) > 0 and there is always the possibility
of unbounded motion. If there are no non-trivial zeros, then the possible motion
is of type (iiib) in the nomenclature of the previous section (unbounded emission
or absorbtion orbits).
If there are non-trivial zeros they must appear in pairs. In this case there are
type (i) unbounded orbits that bounce at the largest non-trivial zero. There
is always also type (iiia) orbits between the lowest non-trivial zero and the
horizon. Finally, if there are more than two non-trivial zeros, there are type
(ii) bound orbits corresponding to oscillating universes.
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• (B) E2 < ∑i l2i + 1. In this case Veff(∞) < 0 and there is no unbounded
motion. In this case the number of non-trivial zeros is odd. There is always a
type (iiia) motion between the lowest non-trivial zero and the horizon.
If there are more than one non-trivial zeros then there are always type (ii)
orbits leading to oscillating universes.
• (C) E2 = ∑i l2i + 1. This is a marginal case with Veff(∞) = 0. We must
investigate whether Veff vanishes from positive or negative values.
This crucially depends on p. For p = 4
Veff = − l
2
s
E2
1
r2
+O
(
1
r3
)
(7.5.3.9)
When ls 6= 0 the orbits are as in case (B). When ls = 0
Veff =
3 + 2E2r30
2E2
1
r3
+O
(
1
r6
)
(7.5.3.10)
and the orbits are those of case (A)
For p = 5
Veff =
r20E
2 − l2s + 1
E2
1
r2
+O
(
1
r4
)
(7.5.3.11)
If r20E
2 + 1 > l2s we have orbits similar to case (A) while in the opposite case
r20E
2 + 1 < l2s we have orbits like case (B) In the marginal case l
2
s = r
2
0E
2 + 1
Veff = r
2
0(1 + r
2
0)
1
r4
+O
(
1
r6
)
(7.5.3.12)
and the orbits are of case (A).
For p = 6
Veff =
2r0E
2 + 1
2E2
1
r
+O
(
1
r2
)
(7.5.3.13)
and we have obits like case (A).
The case of the black-D3-brane background is described by the following effective
potential.
Veff;D3 =
f 2
H3
[
1− f
(E + C)2
(
1
H23
+
∑
i
l2i +
l2s
r2H3
)]
= 1−
∑
i l
2
i + 1
E2
− l
2
s
E2
+O
(
1
r4
)
(7.5.3.14)
The presence of the RR 4-form appears first at order r−4. The general structure of
orbits is similar to the p = 4 case.
Note that in all the above situations, unbounded orbits in r − space correspond
to universes with a scale factor a→ 1 in the asymptotic past and future.
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7.5.4 Near-horizon region
We will investigate here the near-horizon region of black Dp-branes. The effective
potential is given by
Veff = f
2 r7−p
[
1− f
(E + δp,3r4)2
(
r
(7−p)2
2 + l2s r
5−p +
∑
i
l2i
)]
(7.5.4.1)
The radius-scale relation is given by
r = a
4
7−p (7.5.4.2)
and the effective Friedmann equation reads [41]
(
a˙
a
)2
=
(p− 7)2
16
a2
3−p
7−p
[
(C(a)δp,3 + E)
2
a2(7−p)
− fp(a)
(
1 +
∑
i l
2
i
a2(7−p)
+
l2s
a2
(p−6)2+3
7−p
)]
(7.5.4.3)
with
C(a) = a4 , fp(a) = 1− r
7−p
0
a4
(7.5.4.4)
The behavior of the effective potential at the horizon is the same as in (7.5.3.7)
and similar remarks apply. At large r we obtain that for all 3 < p < 7 the effective
potential reaches −∞. Consequently we have only bound orbits of (ii) and (iiia)
type. The maximal radial distance of such orbits grows with the energy E of the
motion roughly as r7−pmax ≃ E4.
The case p = 3 is special. The asymptotic form of the effective potential is here
Veff = 2E + r
4
0 −
l2s
r2
+O
(
1
r4
)
(7.5.4.5)
• 2E + r40 > 0. Here we have generically unbounded orbits.
• 2E + r40 < 0. Here we have bound orbits.
• 2E + r40 = 0. The orbits are bound.
7.5.5 Static universe solutions
Fixed r orbits correspond to static universes with a constant speed of light. Using
r˙ = 0 and the equations of motion we obtain
dsˆ2 =
g00(r)
1 +
∑
I
ℓ2I
DI
dt2 + g(r)(d~x)2 (7.5.5.1)
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from which we can read the effective light velocity as
c2eff =
g00
g
(
1 +
∑
I
ℓ2I
DI
) = f
1 +
∑
I
ℓ2I
DI
≤ 1 (7.5.5.2)
where the second equality holds for black D-branes. The numerator comes from the
presence of the horizon in the background brane [234] and the denominator is due
to the circular motion in transverse space 9.
We will now discuss orbits for Dp>3 backgrounds. In this case
A = fH(p−7)/2p , B =
H
(p−5)/2
p
f
, DND = H
(p−7)/2
p , DT = r
2H(p−5)/2p
(7.5.5.3)
where DND corresponds to the Neumann-Dirichlet directions and DT corresponds to
the (8-p)-sphere. The energy condition for circular orbits at r = r∗ implies
E2
A
= 1 +
∑
I
ℓ2I
DI
(7.5.5.4)
while the no-force condition
∂
∂r
log
[
A
(
1 +
∑
I
ℓ2I
DI
)]
=
∂
∂r
log
[
fH(p−7)/2p
(
1 + ℓ2NDH
(7−p)/2
p +
ℓ2T
r2
H(5−p)/2p
)]
= 0
(7.5.5.5)
Using the above, the effective light velocity becomes
c2eff =
f 2H
(p−7)/2
p
E2
=
f
1 +
∑
I
ℓ2I
DI
(7.5.5.6)
It is implied that as r∗ →∞ ceff → 1/|E|.
It is easy to argue that the existence of stable circular orbits for a range of
parameters is possible only if the “gravitational” attraction can be balanced by the
centrifugal force which always falls like r−2. This can happen only if the attraction
behaves as r−1 or r−2 and this singles out the cases of p = 5, 6
In these cases we always have stable circular orbits at any radius by appropri-
ately adjusting the energy and angular momenta. Analyzing the dynamics of small
perturbations around the circular motion we obtain the condition for stability:
1
2
(
A′′ −
∑
I
D′′I
ℓ2I
D2I
A2
E2
)
+
∑
I,J
BIM
−1
IJ BJ ≥ 0 (7.5.5.7)
where
MIJ = (DIδIJ + ℓIℓJ) , BI =
D′I
DI
ℓI (7.5.5.8)
9This term is missing in [265] .
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We will now examine the two relevant cases.
p = 5. In this case there are stable circular orbits for a wide range of parameters.
In the special case r0 = 0, L = ℓT and there is a stable orbit for any r. Here
c2eff =
1
(1 + ℓ2ND)
(
1 + L
2
r2
) (7.5.5.9)
and varies between zero and 1/(1 + ℓ2ND) for various orbits. In the general case,
r0 > 0, there are stable circular orbits provided ℓ
2
T > L
2 + r20(1 + ℓ
2
ND).
p = 6. This is similar to the p = 5 case. In the extremal case (r0 = 0), the radius
of the circular orbit is r∗ = (ℓ2T + ℓ
√
ℓ2T + L
2)/L and it is stable. Similarly
c2eff =
1
1 + ℓ2ND
√
H6 +
ℓ2T
r2∗
√
H6
(7.5.5.10)
This situation generalizes to r0 > 0.
7.5.6 The Hyper-universe
We will advocate here a picture for the universe that is motivated by our previous
discussion. It is the Copernican approach to the brane-universe idea and contains
two levels.
1) Our conventional 4-dimensional universe is a p-brane embedded in a D-
dimensional space. One possibility is p = 3. However, we may have p > 3 with
the extra p − 3 dimensions compactified. D maybe ten or eleven if the underlying
theory is assumed to be string (M)-theory10.
2) The hyper-universe is populated by many brane-worlds in the same way that
our universe is populated by stars. Brane-worlds gravitate (and in general interact
via other related interactions) and can form “brane-galaxies” whose long range fields
are those of “black-branes”
There are several fundamental questions/problems associated with such a pic-
ture.
(i) “Who ordered that?” It seems natural that if the fundamental theory contains
brane-like objects then it is expected that the vacuum will be populated by them.
The simplest examples of branes have to be infinite in size. We understand however
contexts where compact branes can be stabilized by external fields [272] or a compact
background geometry. Whether the energy of the hyper-universe is finite or not
will depend on the type of branes (compact or not), the type of extra -dimensions
(compact or not) and the potential presence of “negative tension branes”.
Such branes appear in string theory (known as orientifold or orbifold planes)
and are crucial for generating flat vacua in string theory. They cannot fluctuate,
10A reduced version of a universe containing branes has been advocated in [42]. The full D-
dimensional space is assumed to be compact and the wrapped branes are treated like a gas in a
finite box
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in order to preserve unitarity (their potential fluctuations have necessarily negative
norm). They can “effectively move” via a changing background geometry. Their
number in simple ground-states of string theory seems to be bounded above (25
in the superstring and 213 in the bosonic string, constrained by the tadpole of the
Klein-bottle projection). Up to now, no fundamental reason is known for this fact.
It is known however, that when their charge is large, they develop an “enhancon-
like” singularity. Whether such a behavior is forbidding is not known. It seems
however, than in compactifications with fluxes such upper bounds can be quite high.
Macroscopic negative tension defects can provide interesting cosmological models
[43]-[45].
(ii) There is no known reason so far, that a special dimensionality of branes
is preferred. Thus, one may assume that originally any possible dimensionality of
branes is produced. After a long evolution and process (that remains to be under-
stood) the hyper-universe ends-up with a collection of hyper-galaxies, (gravitating
collections of brane-worlds). Such aggregations with different dimension branes and
arbitrary orientations of their world volumes run counter to the (strongly favored by
data) homogeneity and isotropy of our own brane world.
A dynamical mechanism [46, 47, 48] can be argued to provide alignment of world-
volumes. However, a mechanism for the uniformisation of world-volume dimension
needs to be found.
(iii) An important question is whether six (or D-4) extra dimensions are compact
or (effectively) non-compact. An important experimental ingredient is that gravity
at distances 10−5m < l < 1026m has been measured to be of the r−2 type (4-
dimensional).
(iiia) If the extra space-time dimensions are compact, there should be no phe-
nomenological problems provided the compactness scale is small enough. If however
the branes carry gauge charges (as D-branes do) the total charge of the branes is
constrained to be zero. Thus, a hyper-universe requires an equal number of branes
and anti-branes and orbifold/orientifold planes. The presence of anti-branes seems
to be an important ingredient of some cosmological approaches to the early universe
[49, 50, 63, 46, 47]. However, the branes might not have gauge charges but are stable
because of dynamical reasons.
(iiib) An interesting alternative is that (some of) the extra dimensions are non-
compact. A mechanism is needed to guarantee that gravity on our brane universe is
four-dimensional in the required range of distances. There are three such mechanisms
known as explained earlier:
(1) The internal space is non-compact with its Laplacian having a sufficiently
large gap above zero [273]-[275].
(2) The internal space is non-compact with a gap-less Laplacian with an appro-
priate density of eigenvalues close to zero, and finite volume [37]. It has been argued
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that this can be implemented in string theory [276]. In the case of codimension
higher than one, an effective UV cutoff is needed in AdS. This maybe provided by
angular momentum in the internal dimensions.
Both of the approaches (1) and (2) guarantee four dimensional gravity in the IR.
In case (2) gravity becomes higher dimensional in the UV [173, 172].
(3) Quantum corrections of matter fields induce a localized Einstein term on the
brane [51]-[55]. This term induces 4-dimensional gravity on the brane in the UV
while gravity is higher dimensional in the IR. Obviously the cross-over scale has to
be larger than the observable size of the universe or it has to be combined with one
of the mechanisms described above [185, 172]. Some model building in string theory
has been done along these lines [277, 278, 183, 181, 180].
(iv) The cosmological evolution on our brane world is driven by matter localized
on the brane and also bulk fields (“mirage cosmology” [41]). Such a picture , allows
for novel cosmological mechanisms, namely inflow or outflow of matter from the bulk
space [172], [56]-[59], that can trigger undesirable (constraining) effects [279], but
can also provide natural mechanisms for inflation or late-time acceleration [56]-[59].
7.6 Brane/antibrane systems and inflation
Inflation is by now a mechanism favored for explaining the recent cosmological data as
well as providing conceptual solutions to the flatness, horizon, and defects problems of
cosmology. Although there many phenomenological models that implement inflation,
there are two important problems remaining to be solved.
• The fine-tuning problem: Fine tuning is required in the phenomenological scalar
models in order (i) to produce inflation (slow roll) (ii) to produce the experimentally
observable size of CMB fluctuations [235, 280].
• The phenomenological model must be incorporated in the theory of fundamental
interactions.
Here, we will describe the framework of brane-world inflation [281], and in partic-
ular, the one generated by the interaction of branes with anti-branes [46, 47, 50, 63].
There are also attempts to generate inflation for tachyon condensation [282]-[301]
but we will not discuss it here.
We will consider a pair of a D3/D¯3 brane and their static interaction potential
VDD¯(r) = 2T3
(
1− 1
2π3
T3
M810r
4
)
(7.6.1)
where T3 is the tension of the branes, M10 the ten-dimensional Planck scale, and r
is the distance between the brane and anti-brane. The kinetic term of r induced on
the branes (in the low-velocity regime) is multiplied by T3. Thus, the canonically
normalized scalar is φ =
√
T3 r and the potential becomes
VDD¯(φ) = 2T3
(
1− 1
2π3
T 33
M810φ
4
)
(7.6.2)
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Such potentials can in principle give rise to inflation for large φ. To investigate
this we must investigate the slow-roll parameters [235, 280]
ǫ =
M2P
2
(
V ′
V
)2
, η = M2P
V ′′
V
(7.6.3)
To get sufficient inflation we must arrange that ǫ << 1, η << 1. Taking into
account that if six dimensions transverse to the 3-branes are compact M2P = M
8
10V6
where V6 is the volume of the compact manifold we obtain
η ∼ V6
r6
(7.6.4)
In order for the interaction potential to be valid , we must take r << V
1/6
6 . In that
case η >> 1 and inflation is not possible [46, 47]. This result is valid also in the
anisotropic case [46, 47, 308].
Things can get better if we consider a warped background geometry. This is
equivalent to consider a large number of D3 branes, which in this case gravitate. In
the near horizon limit they generate (locally) an AdS5 geometry. Of course, this is
part of the compact manifold, so the AdS5 must be cutoff at some point. The metric
of AdS5 in Poincare´ coordinates is
ds2 =
r2
R2
(−dt2 + d~x2) + R
2
R2
dr2 (7.6.5)
and there is the standard 4-form background. The AdS length-scale is given by [20]
R4 ∼ gsNα′2 (7.6.6)
The exact constant of proportionality depends on the embedding of the AdS slice in
the six-dimensional compact manifold.
We will the assume that the range of r is r0 < r < rmax for r > rmax (the UV
region) the manifold is glued to the internal compact manifold. The manifold is also
cut-off in the IR (r < r0) smoothly as in solutions dual to confining gauge theories
(see for example [356]) Thus, this region is approximate to the simple RS setup with
an UV and an IR brane [36]. In particular, there is an effective four-dimensional
gravitational interaction, with a finite Planck mass due to the UV cutoff rmax.
We would like now to consider the effective world-volume action of a D3 brane
in this background. The C4 form is the near horizon limit of (7.5.1.3)
C4 =
r4
R4
(7.6.7)
and the induced action reads
SD3 = −T3
∫
d4x
√−g r
4
R4
√
1− R
4
r4
gµν∂µr∂νr + T3
∫
d4x
r4
R4
(7.6.8)
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For a D¯3, the sign of the second term is reversed.
For aD3 brane in this background the static potential cancels (no force condition,
for a BPS configuration). However, in the presence of D3 brane at r and a D¯3 at
r0 there is a non-trivial potential that can be estimated as follows: The harmonic
function in the metric due to N D3 branes is
h(r) =
R4
r4
(7.6.9)
The analogous function for an extra D3 brane at r = r∗ is
h(r) + δh(r) = R4
[
1
r4
+
1
N
1
r4∗
]
(7.6.10)
Thus, the potential for a D¯3 at r = r0 and a D3 brane at r, for large r , from the
DBI action is
V = 2T3
r40
R4
[
1− 1
N
r40
r4
]
(7.6.11)
There are two observations on this interaction. Th first term is there but does not
affect the motion of the D3 brane. the second term is responsible for the attractive
interaction between the brane and anti-brane. At large distance, this is a slowly
varying potential with an ”effective” tension
Teff = T3
r40
R4
<< T3 (7.6.12)
Thus in this regime we expect that
SD3D¯3 =
∫
d4x
[
T3
2
gµν∂µr∂νr − 2T3 r
4
0
R4
(
1− 1
N
r40
r4
)]
(7.6.13)
will give rise to slow roll and inflation. When eventually the branes collide, there
will be brane-anti-brane annihilation. This could be the starting point of reheating.
There are, however, several problems with this type of inflationary scenarios [308].
They have to do with additional couplings on the D-branes that might destroy in-
flations. There is active research currently on this realization of inflation,[309]-[324],
but it seems that the last word has not yet been said.
7.7 The cosmology of massive gravity and late time acceleration
It has been argued in 7.3.7 that sometimes four-dimensional gravity in the UV can be
mediated by a massive-like graviton. It turns out that in all case where branes and
induced gravity are involved, four-dimensional gravitons are massive in some regime.
We will investigate here the cosmological evolution of a universe where gravity is
massive. We will show that a very light graviton produces a late time acceleration
of the universe that has the right properties to explain today’s data.
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The cosmological equations have been derived in [325] for quadratic potential and
in [326, 327] for more general potentials. For simplicity I will follow the treatment
in [325], although some of the conclusions will turn out to be different.
We will consider a four-dimensional massive graviton field hµν in a background
Minkowski metric ηµν ∼ (1,−1,−1,−1). The case of a general background constant
metric is equivalent to the above, upon appropriate constant rescalings of the scale
factors in gµν . The full metric is defined as
√−ggµν = √−η(ηµν + hµν) (7.7.1)
and gµν is the inverse of g
µν . Matter couples to gravity via a minimal coupling to
gµν
The action is given by
L = LGR + Lmass + Lmatter (7.7.2)
where
LGR = − 1
2κ2
√−g R , Lmass = − 1
2κ2
√−η [k1hµνhµν + k2(hµνηµν)2] (7.7.3)
Here we have added only a quadratic mass term. We will comment on a more
general potential later.
A study of the quadratic fluctuations of the graviton field indicates the presence
of a massive spin-two filed with mass mg and a scalar component with mass m0. The
masses are related to k1,2 as [325]
k1 =
m2g
4
, k2 = −
m2g
8
m2g + 2m
2
0
2m2g +m
2
0
(7.7.4)
We define for further convenience
ζ =
m20
m2g
(7.7.5)
The field equations obtained are
Gµν +Mµν = Tµν , Gµν = Rµν − 1
2
gµνR (7.7.6)
where
Mµν =
(
δaµδ
b
ν −
1
2
gabgµν
)
(2k1hab + 2k2(h
cdηcd)ηab) (7.7.7)
and Tµν is the matter stress tensor.
The homogeneous and isotropic cosmological ansatz is
h00 =
a3
b
− 1 , h11 = h22 = h33 = 1− ab (7.7.8)
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where a, b are functions of time. Then, the components of the full metric, defined in
(7.7.1), are
g00 = b
2 , g11 = g22 = g33 = −a2 (7.7.9)
We also assume a dilute homogeneous matter distribution
T00 = ρ , T11 = T22 = T33 = −p = −w ρ (7.7.10)
which is conserved
ρ˙+ 3(1 + w)
a˙
a
ρ = 0 (7.7.11)
where the dot implies differentiation with respect to cosmological time τ defined as
d
dτ
=
1
b
d
dt
(7.7.12)
Substituting the cosmological ansatz (7.7.8) into the gravitational equations (7.7.6)
we obtain
3
(
a˙
a
)2
+M00 = κ
2 ρ , 2
d
dτ
(
a˙
a
)
+ 3
(
a˙
a
)2
+M11 = −κ2 p (7.7.13)
where
M00 =
3m2g
8(ζ + 2)
a5 + (4ζ − 1)ab4 + 2ζ a2b− 6ζ b3
a2b3
(7.7.14)
M11 = −
m2g
8(ζ + 2)
3a5 − 4(1 + 2ζ)a3b2 + (1− 4ζ)ab4 + 6ζ a2b+ 6ζ b3
a2b3
(7.7.15)
The integrability condition on M is
M˙00 + 3
(
a˙
a
)[
M00 −M11
]
= 0 (7.7.16)
Thus, the first of the equations in (7.7.13) and (7.7.16) are an equivalent set of
equations, from which the second equation in (7.7.13) follows.
Equation (7.7.16) can be integrated explicitly to the following algebraic equation
3
a6
b2
+ (4ζ − 1) a2b2 − 2(2ζ + 1)a4 + 8ζ a
3
b
− 8ζ = 0 (7.7.17)
We have chosen the constant of integration such that Minkowski space (a=b=1) is
a solution.
In the phenomenologically interesting case, m0 >> mg so that ζ →∞. (in fact
ζ ∼ 1030). The ζ →∞ limit corresponds to k2 = −k1 and the mass term becomes of
the Pauli-Fierz type. As it was shown in [328] in this case the validity of the effective
action is enhanced up to scales ∼ (MPm4g)
1
5 .
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The algebraic condition (7.7.17) in the ζ →∞ limit becomes
a2 b3 − (a4 + 2) b+ 2a3 = 0 (7.7.18)
while the Friedman equation is(
a˙
a
)2
=
κ
3
ρ+ ρm ≡ κ
3
ρ− m
2
g
4
(
2
b
a
+
1
b2
− 3 1
a2
)
(7.7.19)
The algebraic equation (7.7.18) can be solved exactly for b as a function of a,
which can then be substituted in (7.7.19) to give an equation for a(b). However, we
are interested in the large a behavior of the evolution. For a >> 1 the three solutions
of (7.7.18) are
b± = ±a− 1
a
∓ 1
2a3
+ · · · , b3 = 2
a
+
4
a5
+ · · · (7.7.20)
while the effective energy density due to the massive graviton becomes
ρm
m2g
∣∣∣∣
±
= ∓1
2
+
1
a2
∓ 1
4a4
+ · · · , ρm
m2g
∣∣∣∣
3
= −a
2
16
− 1
4a6
+ · · · (7.7.21)
Out of the three solutions, only the minus one is real for all values of a. The
other two are complex when 1 < a < (1 +
√
3)
3
4 . Moreover, ρm is a monotonically
decreasing positive function of a.
Thus, the physical solution is the minus one, and as can be seen from (7.7.21)
it gives a positive effective cosmological constant at late times, Λeff =
m2g
2
. It should
also be remarked that the subleading contribution to the energy density behaves as
an effective curvature term with keff = −1.
It is intriguing that the value of the graviton mass needed to be consistent with
standard massless gravity inside today’s horizon, mg ∼ H−1today gives a contribution
to the vacuum energy which is of the same order of magnitude as that coming from
cosmological observations.
As it was argued in [328] massive gravity with a Fierz-Pauli term becomes
strongly coupled at energies of the order E5 ∼ (m4g MP )1/5. Adding higher po-
tential terms in h and fine-tuning such interactions can increase this cutoff to E3 ∼
(m2g MP )
1/3. It is conceivable that the inclusion of interactions with other fields
(namely the dilaton and axion) may increase this cutoff even further to E2 ∼
(mg MP )
1/2. To obtain some numbers we set the graviton mass to the inverse horizon
size today mg ∼ (1026m)−1 and we obtain
E−15 ∼ 1019 m , E−13 ∼ 106 m , E−12 ∼ 10−4 m (7.7.22)
It is interesting that a massive gravity with a E2 cutoff breaks down precisely at the
boundary of today’s short distance experimental tests. The lower cutoffs indicate
that such theories are not viable for describing four-dimensional gravity.
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7.7.1 Cubic interactions
In general there will be higher order terms in the potential of the massive graviton.
To see how such terms affect the late cosmological evolution we will study the cubic
terms.
The most general cubic interaction is
L3 = − 1
2κ
√−η(r1(hµµ)3 + r2 (hµµ)hνρhνρ + r3 hµνhµρhρν) (7.7.1.1)
where ri have dimensions of (mass)
2.
The correction to the energy density is
ρ3 = −r1
2
(a2 − 3b2)(a3 − 4b+ 3ab2)2
a2b4
− (7.7.1.2)
−r2
2
a8 − 4a5b+ 4a2b2 + a6b2 − 12b4 − a4b4 + 20ab5 − 9a2b6
a2b4
−
−r3
2
a8 − 2a5b+ a2b2 − 3b4 + 6ab5 − 3a2b6
a2b4
The algebraic condition, generalizing (7.7.17) is
I2 + I3 = 0 (7.7.1.3)
where
b2 I2 = 3(k1 + k2)a
6 + 4(k1 + 4k2)(b
2 − a3b) + 6k2a4b2 − 3(k1 + 3k2)a2b4 (7.7.1.4)
b3 I3 = −6(r3+3r2+9r1)a3b6+3(3r3+10r2+36r1)a2b5−4(r3+4r2+16r1+3(r2+6r1)a4)b3+
(7.7.1.5)
+6(r3 + 4r2 + 16r1 + (r2 + 3r1)a
4)a3b2 − 9(r3 + 2r2 + 4r1)a6b+ 4(r1 + r2 + r3)a9
The asymptotic form of the energy density after solving for b is of the form
ρ = m21 +m
2
2 a
2 +O
(
1
a2
)
(7.7.1.6)
where the masses m1,2 are functions of k1,2, r1,2,3. This gives again eternal acceler-
ation. In particular, m2 = 0 when r3 + 4r2 + 16r1 = 0 (and m
2
1 = −2k1 − 5k2 as
without the cubic terms) or when r2 = −37r1, r3 = −47r1 (and m21 = 14k1−35k2−780r17√15 ).
At late times, ignoring the subleading terms, the effective energy density (7.7.1.6)
provides super-acceleration for m22 > 0
a(t) = 2
m1
m2
C em1t
1− C2 e2m1t (7.7.1.7)
For m22 < 0, we have initially acceleration and later exponential deceleration.
Thus, higher order terms in the potential do not substantially affect the nature
of late cosmology (although they may affect the details).
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7.8 Massive gravity and gauge theory
In this section we will present yet another idea on the realization of 4-d gravity.
There are several motivations for the approach advocated here:
• Closed string theory generically predicts gravity. Fundamental string theories
provide a consistent (perturbative) quantization of gravity. Despite its successes,
string theory, although well defined at energies below or at the string scale, breaks
down at energies close to the Planck scale. In particular, the perturbation theory
breaks down due to the strong effective gravitational coupling. Despite speculations,
the nature of the extreme UV degrees of freedom of the theory is still obscure [329]-
[334]. Perturbative string theory is essentially a cutoff theory of gravity and other
interactions. This is obvious at the one-loop level of closed string theory, where the
theory has a (smart indeed) cutoff at the string scale, implemented by Schwinger
parameters confined to the fundamental domain of the torus. A similar structure
persists at higher orders in perturbation theory. In perturbative string theory, the
string scale is much lower than the Planck scale. Taking this at face value, we do
not expect the theory to give useful information about physics at energies hierarchi-
cally higher than the string scale, namely around or above the Planck scale without
running at a singularity/strong coupling.
It would seem that non-perturbative dualities might give a way out, since they
provide information about strong coupling physics. Indeed non-perturbative dualities
relate theories with different (dimensionless) couplings and string scales. This is
however not the case for gravity, since any non-perturbative duality we know, leaves
the Planck scale fixed, and thus cannot address questions on physics at or beyond
the Planck scale.
• Since the early work of ’t Hooft [336] it was understood that the low energy
limit of large N-gauge theories is described by some string theory. The gauge theory
versus string theory/gravity correspondence [20, 21] is a more precise indication that
gravity can be realized as an effective theory of a four-dimensional gauge theory. The
inverse is also true: fundamental string theory in some backgrounds describes the
physics of theories that at low energy are standard gauge theories. Although bulk-
boundary duality is a concept transcending that of four-dimensional gauge theories,
it is most powerful in the four-dimensional cases.
We can claim that the lesson of AdS/CFT correspondence is that any gauge
theory has a dual gravity/string theory. The idea of ’t Hooft that gravity must be
holographic [337, 338] indicates that a gravity theory must have a dual gauge theory
description.
• A standard gauge theory realization of four-dimensional gravity generically
predicts massive composite gravitons. The graviton is the spin-two glueball generated
out of the vacuum by the stress-tensor of the theory. Confinement typically comes
together with a mass gap. A graviton mass is severely constrained by observations.
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Its presence may have two potential advantages. It predicts an intrinsic cosmological
constant that may be of the order of magnitude observed today, if the graviton mass
modifies gravity at or beyond the horizon today. Also, the fact that the graviton
is a bound state, provides mechanism for suppressing the cosmological constant. In
particular, the graviton does not directly couple to the standard “vacuum energy”
of the SM fields.
Thus, the idea is that the building blocks of a theory of all interactions are
four-dimensional gauge theories. Such theories are special in many respects both
nature-wise and mathematics-wise. Four-dimensional gravity is an effective, almost
classical theory, emanating from a large-N sector of the gauge theory.
The approach advocated here has similarities with ideas in [340, 341] and [342].
The qualitative model of [340], is somewhat different since the SM particles are not
charged under the strong gauge group. Gravity here is mediated by (heavy) messager
matter charged both under the SM group and the strong gauge group, as suggested
by gauge-theory/string theory correspondence. In fact, a light scalar graviton can
be a meson but not a spin-two one. There is also some similarity with the idea of
deconstruction [343], but here it is gravity rather than higher dimensional matter
theories that is realized by the gauge theory.
There are direct similarities with attempts to describe fundamental string theory
in terms of matrix models [344]-[348]. Here, however, the gauge physics is four dimen-
sional and provides a wider class of gravity theories. Moreover, a four-dimensional
large N gauge theory, although more complicated than a standard Matrix model
gives a better intuitive handle on the physics.
Consider a large N-gauge theory with gauge group GN and large-N matter
(scalars and fermions) that we will not specify at the moment. We would like the
theory to be asymptotically free or conformal, so that it is a well-defined theory at
all scales. This will put constraints on the type of large-N matter content.
At low energy, the effective degrees of freedom are colorless glueballs as well
as mesons (baryons are heavy at large N, [335]). Among the effective low-energy
degrees of freedom there is always a spin-two particle (that is generated from the
gauge theory vacuum by the total stress tensor of theory). Typically this theory,
being confining, will have a mass gap, and the spin-two particle will be massive.
However, on general principles (conservation of the gauge theory stress-tensor) we
expect to have a spin-two gauge invariance (that may be spontaneously broken by
the gauge theory vacuum). Thus, the interactions of this particle, are those of a
massive graviton.
There are, however, other universal composites. Let us consider for simplicity an
SU(N) pure gauge theory. The leading operators, that are expected to create glue-
balls out of the vacuum are a scalar (the “dilaton”) φ→ Tr[FµνF µν ], a spin-2 “gravi-
ton” gµν → tr[FµρF ρν− 14δµνFρσF ρσ] and a pseudoscalar “axion” a→ ǫµrσTr[FµνFρσ]
[339]. These particles will be massive, and their interactions at low energy are non-
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perturbative from the point of view of the gauge theory. In this relatively simple
theory, with two parameters, the mass scale Λ and N , the masses are expected to
be of order Λ and the interactions controlled at large N by gs ∼ 1√N . In particular,
three point couplings scale as 1/
√
N .
As first advocated by ’t Hooft [336], the effective interactions of the glueballs
are expected to be described by an effective string theory in the low energy regime.
Most probably, the world-sheets of this string theory are discrete, and only a tuning
of the gauge theory (double scaling limit?) might give rise to a continuous string.
If the large-N gauge theory contains fermions in the fundamental, ψia (i is a fla-
vor index while a is color), then there are other generic low energy bound states.
In particular, the conserved fermionic currents Jaµ ∼ ψ¯iaT ijγµψja generate (generi-
cally massive) vector particles. The scalar or pseudoscalar densities ψ¯iaψ
j
a, ψ¯
i
aγ
5ψja
correspond to scalar or pseudoscalar mesons, (and give rise to open strings). The
antisymmetric tensor composites ψ¯iaγ
µνψja, ψ¯
i
aγ
µνγ5ψja should correspond to higher
oscillator string states, and must consequently be heavier.
Finally, adjoint scalars give rise to extra scalar bound-states that appear as extra
internal dimensions, as AdS/CFT indicates.
Unlike fundamental string theory, the graviton here is a bound state of glue,
and in the UV, the proper description of its interactions are in terms of gluons.
Thus, in this theory, the low energy theory is string-like. But the hard scattering of
“gravitons” is described by perturbative gauge theory, while their soft scattering by
an effective (massive) gravity/string-theory. In particular, gravitational interactions
turn off at high energy due to asymptotic freedom.
There are several immediate questions that beg to be answered in such a scheme.
(A) The effective graviton must have a mass that is very small (probably of the
order of the inverse horizon size) in order not to be upset by current data. Just
lowering the scale Λ of the gauge theory is not enough. A simple gauge theory with
an ultra-low Λ (of the order of the inverse horizon size today), has light gravitons
that are on the other hand very loosely bound states with a size comparable to that
of the universe. We need that their size is hierarchically larger than their mass. An
important issue is whether a small mass for the graviton is technically natural. It is
conceivable that coordinate invariance protects the graviton mass as gauge invariance
does for the photon mass.
Moreover, the other generic low lying scalars (dilaton and axion as well as the
spin-0 component of the graviton) must be substantially heavier so that we are not
again upset by data.
What types of large N-gauge theories have a small or no mass gap? What
determines the mass gap? What determines the hierarchy of masses of φ, gµν and a?
Although, there has been considerable efforts to answer such questions for several
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gauge theories, no unifying picture exists 11. This is due to the fact that these
questions involve non-perturbative gauge theory physics. It is also due to the fact
that glueballs have been conspicuously absent from particle physics experiments.
Such questions may be studied using the general ideas of AdS/CFT correspondence
and its generalizations.
An important lesson from AdS/CFT correspondence is that the gravity dual to
four-dimensional gauge theory is five-dimensional (with additional compact dimen-
sions if extra (adjoint) scalar matter appears in the gauge theory). Polyakov has
advocated general reasons why this is expected [350]. Indeed counting the degrees
of freedom of massive gµν , φ, a we could expect that their effective interaction can be
described by a five-dimensional massless graviton as well as five-dimensional scalars φ
and a. The non-trivial gauge theory vacuum should correspond to a nontrivial back-
ground of the five-dimensional theory (as AdS5×S5 describes N=4 super Yang-Mills
via AdS/CFT duality).
We would also like the full theory to be asymptotically free. In that case the
short distance physics will be well defined. In the five-dimensional picture this will
imply an AdS5 asymptotic region.
(B) At low energy in the gauge theory (if it is confining), the effective physics
is described by some string theory (at large N). Also non-confining theories have a
string description as AdS/CFT indicates but only for the gauge singlet sector. The
important question is: what are the scales of the string theory/gravity in terms of
the fundamental scales of the gauge theory? The AdS/CFT paradigm is suggestive.
Here, on the string theory side there are three parameters: The AdS radius R,
the string scale ls and the string coupling 1/N . On the gauge theory side there
are only two: N and the ’t Hooft coupling λ = g2N . N=4 super Yang-Mills is
scale invariant in the symmetric vacuum. This implies that only the ratio R/ls is
observable: R/ls = λ
1/4.
When a mass gap Λ is generated because of temperature effects, it corresponds
to a long distance (far away from boundary) cutoff in AdS, namely the position r0 of
the horizon of the AdS black-hole, r0 = Λ R
2. The energy on the AdS side is given
by E = r/R2. The cutoff implies a non-trivial effective string length for the gauge
theory, obtained by red-shifting the AdS string scale at the horizon [351]:
leffs ∼ ls
r0
R
∼ 1
λ1/4  L
(7.8.1)
Finally there could be masses and/or Yukawa couplings in the large-N gauge
theory. They modify the higher-dimensional geometry by turning on fluxes [356, 357]
11For example, in SU(2) and SU(3) gauge theory there is an inverted hierarchy for the 0++ and
2++ glueballs, [349].
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(C) Another important question is: how is the SM accommodated in such a
picture? The expectation is that the SM gauge group is a separate factor from
the large-N group. It may be so by fiat, or it may be connected to the large-N
gauge group GN by symmetry breaking. It could also be enlarged to a unified group
(SU(5), SO(10) etc). The standard model particles are neutral under GN . There
should be new massive particles charged under both the GN and the SM gauge
group. Integrating out these particles, the gravitational interaction is generated for
the standard model particles. Thus, such particles are messagers of the gravitational
interaction. This is analogous to the picture we have of probe D-branes in AdS/CFT
[352]-[355, 234, 270]
One could also advocate a certain “unification” in this context: The theory
starts from a simple large-N gauge group which is broken to a large-N subgroup
generating gravity, as well as “splinters” (the SM or the conventional unified group).
The massive states communicate gravity to the SM particles.
(D) The issue of the cosmological constant is qualitatively different here. The
standard matter loop diagrams that contribute to the cosmological constant do not
couple to gravity here. Matter loops induce a potential for the graviton. Since the
graviton is composite, its form factors cut-off the matter contributions at much lower
energies (hopefully at 10−3 eV) than the matter theory cutoff. This is similar to the
mechanism advocated in [340].
(E) As we have learned from AdS/CFT, and expected on more general principles
[350] the low energy gravitational theory of a large N-gauge theory have at least five
non-compact dimensions. The obvious question is: how is this compatible with the
observed 4-d gravity. Here there are two complementary ideas that might resolve
this puzzle: RS localization and brane induced gravity. The RS solution can be
implemented if the ”vacuum” of the gauge theory imposes an effective UV cutoff at
the position of the SM branes. Brane induced gravity is always present, however
its strength is crucial for it to effectively turn gravity four-dimensional in agreement
with data.
(F) Some of these questions can be put in perspective by utilizing the essentials
of the D-brane picture which underlies gauge-theory/gravity correspondence. They
provide a close link between gauge theory and gravity.
The large N gauge group GN can be represented as a heavy (large N) black
brane. The SM gauge group can be viewed as some collection of a few probe branes
in the background of the black-hole. Ideally, integrating out the strings that connect
the probe branes with the central stack (massive matter charged under both GN and
SM) induce effective gravitational interactions for the SM fields. If more than five
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dimensions are present, the SM branes may be in a nearly stable orbit around the
central black-hole. Thus, the picture with a single large-N component of the gauge
group gives a hyper-planetary model. The SM branes must be very close to the
central black hole (near horizon region). Falling on the naked (or not) singularity
is catastrophic since it implies fusion of the SM gauge group with GN and a radical
rearrangement of the IR field theory (gauge group enhancement) . There could be
other simple components of the gauge group, giving presumably rise to other hyper-
planetary systems and eventually to hyper-galaxies and a hyper-universe.
Here, the picture of the gauge theory representation for gravity we advocate,
matches smoothly to the cosmological evolution of D-branes we discussed in previous
sections.
(G) There is an extra issue of divergences. We usually assume that a 4-d large-
N gauge theory has 4d-type divergences. However this need not be true. As a
counterexample, consider a 5-D theory, and compactify one direction on a lattice.
This is a large-N 4-d theory, (where N is the number of lattice sites) but in the
continuum (large N) limit should reproduce the 5-D divergencies for certain energies.
Such divergencies will thus show up as large-N divergences, and understanding them
is central in this context.
(H) The approach described here has a potentially serious problem: it relies
on non-perturbative physics. Typically such a problem proves fatal. However here
we would like to advocate a 5-dimensional gravitational approach to the problem.
Several of the questions described above can be attacked in this fashion, namely
determining the 5-d action and its vacuum solution and tuning it to achieve small
graviton mass and correct gravitational interactions for standard model particles. In
the next subsections we start a preliminary investigation of some simple issues in
this context. Whether a fully workable model can emerge remains to be seen.
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